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ABSTRACT

The contaminatiorof radio astronomicaimeasurementy man-
madeRadioFrequeng InterferencgRFI) is becominganincreas-
ingly seriousproblemandthereforetheapplicationof interference
mitigation techniquess essential. Most currenttechniquesad-
dressmpulsive or intermittentinterferenceandarebasecn time-
frequeng detectionandblanking. Continuallypresentnterferers
cannotbe cut out in the time-frequeng planeand have to bere-
moved usingspatialfiltering. This techniques basedon the esti-
mationof the spatialsignaturevectorof theinterfererfrom short-
termspatialcovariancematricedollowedby asubspacerojection
to remove thatdimensionfrom the covariancematrix, andby fur-
theraveraging.The projectionswill alsomodify the astronomical
data,and hencea correctionhasto be appliedto the long-term
averageto compensatéor this. In this paperwe analysethe per
formanceof this spatialfiltering algorithm.

1. INTRODUCTION

In interferometricadioastronomythe distribution of theintensity
of radiationis measuredy cross-correlatinghe signalsfrom a
numberof radiotelescopesTheastronomicasignalsusuallyhave
a signalto noiseratio (SNR) of -20dB or less. Integrationover a
10-60speriodof the correlatedastronomicasignalandthe uncor
relatednoisewill improve the SNR several ordersof magnitude.
Due to the rotation of the earththe orientationof the telescopes
with respecto the starsis changing.After severalhoursof mea-
surementenoughsampleshave beenobtainedto constructanim-
ageof theobsenedfield.

Thesignalfrom aninterfereris spatiallycorrelatecandwill there-
fore not averageout completely If the interfereris continuously
presentijt is not possibleto filter outits contritution by detection
andblankingof contaminatedsamples.Spatialfiltering cannull
the enepgy receved from the directionof the interferer The pro-
jectionswill alsomodify the astronomicablata,and hencea cor
rectionhasto be appliedto the long-termaverageto compensate
for this. This algorithmwasintroducedin [1]. In this paperwe
summarizehealgorithmandanalyseits performance.

2. DATA MODEL

Assumewe have a telescopearray with p elements. For the in-
terferencefree casethe array outputvector xq(t) is modeledin
complex basebandorm as

xo(t) = v(t) + n(t)
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wherexo(t) = [z0.1(t), . .., zop(t)]" isthep x 1 vectorof out-
put signalsat time ¢, v(¢) is the receved sky signal,assumec
stationaryGaussiarvector with covariancematrix R.,, andn(t)
is thep x 1 noisevectorwith independentdentically distributed
Gaussiarentriesand covariancematrix o?I. If an interfereris
presenthearrayoutputvectoris modeledas

x(t) = xo(t) + a(t)s(t)

wheres(t) is theinterferersignalwith spatialsignaturevectora(t)
which is assumedstationaryonly over shorttime intervals. The
astronomers interestedn R.,. We assumehata? is known from
calibrationandR., < o?I.

3. ALGORITHM

Givenobserationsx,, := x(nT}), whereT is the samplingpe-
riod, the objective is to estimateRo = R, + o?1. We first con-
structshort-termcovarianceestimateR ¢,

1 (k+1)M
Ry = i Z xnx:

n=kM

where M is the numberof sampleger short-termaverage. M T
is in the orderof 1-100millisecond. Supposehatthe spatialsig-
natureay, of the interfereris known. We canthenform a spatial
filter Py,
Pr:=1-— ak(agak)_la;I

which is suchthat Pra, = 0. Thus,whenthis spatialfilter is
appliedto the datacovariancematrix all the enegy dueto thein-
terfererwill benulled:

Qi := PyRiPi = PRy Py,

where
1 (k+1)M
Ro,k = M z Xo,nxg,n
n=kM
Whenwe averagethe modifiedcovariancematricesQy,, we obtain
along-term(sayTin: = NMT, = 10 secondsgstimate

Q is an estimateof Ry, but it is biaseddue to the projection.
To correctfor this we first write the two-sidedmultiplication as
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asingle-sidednultiplicationemplo/ing the matrix identity
vec(ABC) = (CT ® A)vec(B), wherevec(-) denoteghestack-
ing of the columnsof a matrix in a vectorand® the Kronecler
product.This gives

N
1
vec(Q =N kZ: Crvec(Ry) (1)

where -

Notethat,if theinterferencdas completelyremovedthen
1 N
E [vec ] =N kz [vec Ry o)] = Cvec(Ro) (2)

where
1 N
=5 2. Ce
k=1
Now we canapplya correctionC~* to Q to obtainestimateR.
R := unvec(C 'vec(Q))

This is the estimateof R producedby the algorithm. If the aj
are knowvn and completelyprojectedout then R is an unbiased
estimateof Ro:

B[R] =Ro
More in generalwhenthe spatialsignaturef the interfererare
unknawn, they canbe estimatecdby an eigenanalysi®f the sam-
ple covariancematricesR . assuminghatthe noiseis white and
the astronomicalkontritution is small, it is well known that the
numberof interfererscanbe detectedrom the eigervaluesof Ry,
andthatthe subspacepannedy the spatialsignaturef the in-
terfererscanbe estimatedy the correspondingigervectors.This
allows usto constructhe projectionmatrix Py, [2]. However, the
interferenceas not completelyremored and(2) doesnot hold.
A sec?ndssueistheinvertibility of C andthenoiseenhancement
of C™".

4. PERFORMANCE ANALYSIS

Theresultof thealgorithmis R, anestimateof thetruecovariance
matrixRo. Thequality of anestimatolis determinedy its covari-
ance.In thefollowing sectionsve will determinghecovarianceof
R in threecases:) interferencdree case2) the spatialsignatures
a, areknown and3) the spatialsignaturesa, areestimated.We
usethe following notation. With X we denotean estimate with
X=E [X} the expectedvalueof X andwith X' = X — X the

estimatiorerror. The covarianceof anestimateds definedas:
cov{X}:=E [vec(X')vec(X')H]
Thevarianceis definedas
var{X} := E X' oX]= unvec(diag(cov{X}))

where® denote®ntrywisemultiplicationof two matricesof equal
size.

4.1. Casel: Thevarianceof R for theinterferencefree case
Let
1 A s
=5 2 Rox
k=1
be the long-termaverageof interferenceree sampleﬂio,k, then

the standardesultfor Gaussiarsourcesapplies:

cov{Ro} = —MNEO ®Ro

BecauseRg ~ o1

0_4
MN
This definesthe bestperformancehatwe canhave for R..

cov{Ro} =

I @)

4.2. Casell: The variance of R for interference with known
spatial signatures

Supposehe spatialsignatures;, of theinterferersareknown. In
that casethe algorithmis unbiasedy design. The covarianceof
the estimatds

cov{R} := E[vec(R’)vec(R')H]
= Cleov{Q}(CTH" @)

where,using(1)

N N

A 1

cov{Q} =E [ﬁ 33 ckvec(R;)vec(R;)Hc?] (5)
k=11=1

TheestimatiorerrorsR;, andR; areuncorrelatedor k # . Mul-

tiplicationwith Cy, projectsout the contrikution of theinterferers,

sothatCvec(R}) = Cvec(Rj, )

N
(@) = B |15 Civec(Rp)vec(Rh.)"CE | (6)
k=1
1 N
= mchcov{Ro,k}c,c @)

k=1

f{o,k is thecovariancematrix of acomplex Gaussiarsignalvector
SO

N 1 —
COV{Ro,k} = MRO ® Ro
and
1 N
cov{Q} = —= ) Ci(Ro®Ro)Cy ®)
MN —
1 N
= P:RoP, ® PyRoP 9)
> Z kRo Py rRoPk
MN Pt

BecauseRo = oI andPy, is aprojection,P2 = Py,

4 N 4
~ ag T ag
cov{Q} & 375 D (Pr ®Pr) = 1 C
k=1

~ 0'4 1 —1\H 0-4 -1

The value of C~! dependson ay, the spatial signaturesof the
interferer Comparedo (3), this indicatesthat C~! determines
therelative performancef the spatialfiltering algorithm.
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4.3. Caselll: Thevariance of R for interference with deter-
ministic spatial signatures

If the spatialsignaturesare unknawvn, they needto be estimated,
andhencethe projectionmatricesarqestimateﬂog. Py, Ci and
C aresubstituteddy their estimate®,, Cr andC. In thatcase

equation(2) is not true becauseC andR;, are not independent.

The algorithmis not unbiasedarnymore, but it canbe shavn that
thebiasof R is O(M ~"). This biascanbe neglectedbecausehe
standardieviationis O(M~1/2).

Recallthat

cov{R} = E [vec(R’)vec(R’)H] (10)
Thefirst orderapproximatiorof R’ is
vec(R') = (C7 ") vec(Q) + C ™ 'vec(Q)

where,in first orderapproximation

(C—l)l — _C—ICIC—I
1 N
¢ = =) G
Nk:l
’ ;T T '
Cir = (Pr ®Pk)+ (P ®@Py)
1 N
i _ !
vec(Q') = N;vec(Qk)
vec(Q);) = Cjvec(R) + Cvec(R). (11)
Working this out gives
vec(R') = C'(—C'C 'vec(Q) + vec(Q')). (12)

BecausaC ™ vec(Q) = vec(Ro) we obtain
vec(R') = C7'(=C'vec(R) + vec(Q"))
Substitutingequation(11) gives

N
vec(R') = C_l% Z Cpvec(R}) 13)
k=1
andhence ) )
cov{R} = C ' cov{Q}(C™H)" (14)

wherecov{Q} is asgivenin (5). Equation(14)is equalto (4) so
in first orderapproximationfeplacingthe true projectionsP;, by
theestimatecprojectionsP;, doesnotchangethecovariance Also
in this caseit follows that

4
cov{R} = ﬁc_l

5. THE EXPECTED VALUE OF C!

C~! determineghe penaltydueto spatialfiltering. The maindi-
agonalof C~! containsthe factorsby which the varianceis mul-
tiplied comparedto the interferencefree case. To describethe
penaltyin asinglenumbermwe introducethe"quality factor”

% = max(diag(C™")) (15)

k is theworstcaseamplificationof thevariance . Thevalueof & is
afunctionof a;. We will determinethe asymptoticvalueof  for
two casesl) a;, arenormallydistributedand?2) a,, arethespatial
sighature®f a stationaryinterferer

5.1. Casel: Thevarianceof R for normally distributed spatial
signatures

If we choosea temporallyi.i.d. statisticalmodelfor a; we can
determineE [C]. WhenN — oo C will convergeto E [Cy], and
C ' toE[Ck]™". Letay ~ CN(0,1) andi.i.d. for differentk,

let
ag

~ axl

thenu is uniformly distributedover the unit-spheren C? and
P=I—-uu"
It follows that

E[C] E[P" P

E [(I — uuH)T ®(I- uuH)]

E[I®I—I®uuH—uuH®I+uuH®uuH]

To evaluatethis expressionwe needto know thesecondandfourth
ordermoments.Thesecanbe foundby integratingthe probability
densityfunction (pdf) over the whole unit-sphere.The pdf on the
unit-spheras:

1
f(u) = 1
where A is a normalizationconstantequalto the surfaceareaof
Sp, theunit spheran C?, givenby

2P
A= ds = .
Sp (p—1)

Dueto the symmetryof the pdf, E [u;u;] is zeroexceptwheni =
j,and

1
E [uzﬂ,] =

1
= — w;uids = —
A Sp p

E [u;u;urtw] is zero,exceptfor:

1 sy (E=1)
E [uiwiu;uj] = —/ uitiuujds = {p(p+1) o
A Sp p(p1+1) (¢ # )
Hence,
E[C]=1— 21+ —(1+A)
p plp+1)
whereA = vec(I)vec(I)". Theinverseis givenby:
c1_ plp+1) o1
E[C] = pz—p—l(I o _1A)
So,for large N
N o' plp+1) T 1
var{R}—MNp2_p_1( —pZ_II)
and
_ plp+1)
pP—p—1

If for examplep = 8, thenxk = 72/55 = 1.3, sothe varianceof
theentriesof R increasesvith 30%in theworstcase.
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Figurel: a) Quality factor for differentN2,, andb) for differentnumbersf antennasc) Confidencentenalsfor k basednasimulation

with 10 randomlyselectedag

5.2. Casell: Thevarianceof R for stationary interferers

For matrix C to beinvertible the spatialsignaturesa;, needto be
sufficiently variable.For stationaryinterferergno own movement,
no multi-path)the only sourceof variability is the geometricde-
lay compensation.The geometricdelay compensatioris a delay
placedbetweeneachtelescopeand the correlatorto correctfor

the differentpathlengthsof the astronomicakignalto eachof the
telescopes.The geometricdelay dependson the position of the
obsered field in the sky. Due to the daily rotation of the earth
the starsaremoving alongthe sky andhencethe geometricdelay
is time varying. For a signalreceved from aninterfererfixed on

earth thenarrav bandapproximatiorof thegeometriadelaycom-
pensations a time varying phase-shiftnamedfringe correction.
For a linear array of telescopeshe effect of the fringe correction
onthespatialsighaturecanbe modeledas

al. a1

aze’? az f

2j¢ 2m frt

a)=| BT =] ® |, o=
apeP=1iv ap

wherefr is thefringe frequeng, givenby

2

=——D
72 % 3600 Cosd cosh

fr

where D, is the longestbaselinelengthin wavelengthsy is the
declinationof the sourceand h is the hour angle of the source,
whichis timevaryingandhasaperiodof 24 hours.For astationary
interfererC~' dependsn:

— ThefringerotationpershorttermsampleM T f», whereT is
is thesamplingtime, M thenumberof samplegershort-term
averageand fr thefringe frequeng.

— N, thenumberof short-termaveragegerlong-termaverage.
— p, thenumberof antennas
— ay, thespatialsignaturewithout fringe correction

Thetotal fringe correctionover thelong termintegrationperiod,is
probablythe parametethat hasthe mostinfluence. Thefirst two

parametersanbe convertedto thetotal fringe rotationduringthe
long termintegrationperiod,

Ptot = MTS27TfFN = Tint27rfF
andthe numberof samplegerfringe cycle,
Naw = N/(Tint fr)

ThelowestpossibleN, is reachedvhen fr reachests maximum
value.If wechooseM T = 10ms, Dy = 3000m/30cm thenthe
mimimumvaluefor N, is 135. Theresultsof simulationg(figure
1la)shaw thatwithin therangeof possiblevaluesfor N, theeffect
on the quality factorx is neglectable. Simulationswith different
numbersof antennagfigure 1b) shav that althoughthe asymp-
totic value of k dependsn p, the global characterof the func-
tion is independenof p. All curvesshowv a transitionfrom poor
to reasonablygood performancen the rangefrom 1 to 2 fringe
cycles. Furthersimulationsare carried out with the parameters
N>, = 200 andp = 8. The curwesin figure 1c shawv how the
performanceancreasewith increasingfringe rotation For x% of
randomlyselectedhy the quality factork is belov the x%-cune.
Fromthis grapha minimum ¢ for acceptablg@erformanceanbe
read. This conditionon ¢ canbe translateda division of the the
sky in anobserableandanunobserablearea. Theunobserable
areais bandfrom the Eastover the celestialpole to the West. The
width of this bandis givenby:

a = 2 arcsin
DA X Tint X 21

For exampleif ¢min = 3, Tint = 30s, A = 30cm andD =
3000m thenthewidth of this bandis 16°.
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