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Abstract

It is known that positive operatorsQ on a Hilbert spaceadmita factorizationof the form Q = WHw,
whereW is an outer operatorwhosematrix representatiotis upper As upperHilbert spaceoperators
haveaninterpretatiorof transferoperatorof lineartime-varyingsystemsn discretetime, this proves
the existenceof a spectralfactorizationfor time-varyingsystems.In this paper the aboveresultis
translatedrom operatortheoryinto controltheorylanguageby deriving how sucha factorizationcan
be actually computedif a staterealizationof the upperpart of Q is known. The crucial stepin this
algorithmis the solutionof a Riccatirecursionwith time-varyingcoeficients. It is shownthat, under
conditions, positive solutionsexists, and that the smallestpositive solution lead to a factor which
is outer (‘'minimum-phase’). The outer factor can be computednumericallyin a numberof cases,
e.g., if the systemis initially time-invariant,periodically time-varying. More generally for strictly
stablesystemst is shownthat the Riccati recursion,when startedfrom zero initial conditions,will
stronglyconvepe to the exactsmallestpositive solution, so thatthe outerfactor canbe computedn
arbitrary precisionfor any finite interval in time. The resultscan also be formulatedin termsof a
time-varyingpositivereal lemma. Finally, someconnectionsre providedwith Riccati equationghat
occurin relatedproblemsin time-varyingsystemgheory suchasinnerouterfactorization,orthogonal
embeddingandthe time-varyingbounded-realemma.
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1. INTRODUCTION

In modernsystemand (H.)-control theory for examplelinear quadraticoptimal control, optimal
filtering and sensitivity minimization, Riccati equationsplay an importantrole. Suchequationsare,
for discrete-timesystemspf the form

P = APPA + Q - [C+B"PA]”(R+B"PB) ! [C + B'PA 1)
[ ]

whereP is unknown. Thereis a family of relatedforms of this type of equation,obtainedby making
certainsubstitutiors, and the preciseform dependson the application. Underlyingtheseproblemsis
typically a spectralfactorizationproblem,andthe discrete-timeRiccati equationcorrespondingo this
problemhasoriginally beenstudiedin [3, 4]. The equationusuallyhasmorethanonesolutionP, and
importantissuesarethe computatiorof the largestor smallestHermitiansolutions asthesecorrespond
to minimal-phasepropertiesof spectralfactors,or to the stability of (closedloop) transferoperators
constructedrom the solution. Suchsolutionsare, for time-invariantsystemspbtainedby an analysis
of the eigenvaluesandinvariantsubspacesf an associateqHamiltonian)matrix. A recentoverview
of solutionmethodsaswell asmanyreferencego older literature,canbe foundin the collection[9].

For generaltime-varyingsystemsthe equation(1) becomesa recursion
Pt = APA + Q — [Ck + BRPKAK " (Re + BlPBi) ™ [Cr + BLPA] (2)

in which {Ay, By, Cx, Dk}, is a time-varyingrealization,and where the dimensionsof the matrices
canalsobe time-varying: the numberof inputs,outputsand statesneednot be constanin time. For

this case,muchlessis known on the structureof solutions. Onereasonis that the usualeigenvalue
analysigto classifystableandunstablesystemss no longerapplicable e.g.becausénsteadof a single
A, we now haveto considerthe spectralpropertiesof productsof the Ay, and Ax heednot be square.
Attemptshave beenmadeto definethe notionsof ‘time-varying’ polesand zeros(e.g.,[2, 15]) but
theseresultsare not generalenoughto copewith a time-varyingnumberof poles.

In this paper we approachthe time-varyingRiccati equationfrom a differentangle, by startingfrom
certain standardfactorization problems(such as spectralfactorizationand innerouter factorization)
of operatorsin a Hilbert space. The sameapproachis followed in [16], althoughin that paper the
starting point is the existenceof the Choleskyfactor of a positive definite, finite size matrix. The
Riccati recursionin thesefactorization problemsresultsonce a staterealizationfor the operatoris
assumedSolutionsof the spectralfactorizationandinner-outerfactorizationproblemsareknownalso
in themoregeneralcaseof Hilbert spacenestalgebragseethe work of Arveson[8]), andthis context
appliesto time-varyingsystemstoo. For example,a boundedpositive operatorQ hasa factorization
into

Q = WW

where W can be chosento be outer (‘minimum-phase’). We will show how, from this property of
W, propertieson the relatedtime-varyingRiccati equationcan be derived. In particular the fact that
there existsan outer factor W will imply the existenceof a smallestpositive solutionto the Riccati
eqguation.



An alternativerouteis to study spectralfactorizationproblemsvia optimal control techniques.For
the continuous-timecase this was doneby Andersonet al. [6].

One of the purposesf this paperis to showhow a recently developedcompactnotationfor time-
varying systemgsee[12, 13]) providesfor a very straightforwardand elegantderivationof important
propertiesof spectrafactorsandthe correspondindriccatiequationsn termsof statespaceguantities.
The direct analysisof Riccati equationswith time-varyingparameterss believedto be much harder
and quite tedious.

One applicationin which (time-varying) spectralfactorizationsplay a role is in the solution of the
problem of the uniformly optimal control of time-varying systems,as discussedoy Feintuchand
Francis[14]. In this problem,a plantis given, and a causalregulatoris to be designedsuchthat
the closed-loopsystemis stableand certain noiseterms, acting on the inputs of the plant and the
regulator haveminimal effect on the outputsof the closed-loopsystem.Their solutionto this problem
involves, besidesinnerouter factorizationsand the solutionto a Nehari problem, also two spectral
factorizations[14]. This solution was describedat the operatorlevel, and it was remarkedthat
“at present,computationof uniformly optimal controllersfor time-varyingsystemsis not feasible”.
Currentlyhowever with algorithmsfor the innerouterfactorization[17], the Nehariproblem[13] and
spectralfactorization(this paper)availableat a state-spacevel, computatiorof the optimal controller
isin principle possible pncea staterealizationof the plantis known. The resultingalgorithmconsists
of a numberof Riccati recursionsthat run both forward and backwardin time. The occurrenceof
a backwardrecursionimplies that optimal controllerscan only be computedif the realizationof the
plantis known for all time (for else approximatingwindowing schemesnustbe used). In this line,

one possibleapplicationthat is feasibleat presentis the computationof an optimal controllerfor a

plantwhoseparametersre shiftedfrom one operatingpoint to another

Other relatedfactorizationproblemsn which atime-varyingRiccatiequatiorarisesaretheinnerouter
factorizationproblemof boundedcausal’ operatorsT,

T=UT,,

whereU is anisometry(U™U = 1) andT, is outer andtheorthogonakmbeddingroblemof contractive
causaloperatorsT (alsoknown asthe unitary extensionproblem),

GivenT, find aninner systemZ suchthatX = [ T2 ] .
221 222
Thereis a connectionbetweenthe solution of the embeddingproblemand the time-variantbounded
reallemma[7], whichis well knownin its time-invariantversion. Thereis alsoa connectiorbetween
the spectralfactorization problem and the time-variantpositive real lemma (seee.g., [11] for the
time-invariantdiscrete-timeversion). Our approachto the embeddingproblemis publishedin [21]
and submittedfor publicationin [20], while resultson the innerouterfactorizationappearedn [17].

In this paper we will be mainly concernedwith the spectralfactorizationproblem. We will only
considerthe ‘easy’ casewherethe invertedtermin the Riccati equationexistsandis boundedandin
particularwherethis termis definite. Generalizationgre still possiblebut analytically more difficult
asit leadsto generalizednverseswith rangeconditions. The spectralfactorizationproblemis treated
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in section3, andthe (related)time-varyingversionof the positivereal lemmais formulated. Some
computationalissuesare discussedn section4. It is argued that (under conditions)the Riccati
recursionconvegesto the exactsmallestpositive solution evenif the recursionis startedfrom an
approximateinitial point, Po = 0. This allows to computespectralfactors of generaltime-varying
positive operatorsevenif they are not constantor periodicalbefore somepointin time. (The proof
of this is relayedto an appendix.) Finally, in section5, we discusssomeconnectionswith related
problemsin which a Riccati equationoccurs,in particular the orthogonalembeddingproblem of
contractiveoperatorsandthe innerouterfactorizationproblem.

2. NOTATION AND PRELIMINARIES

Spaces

We considettime-varyingtransferoperatorsasboundedHilbert spaceoperatorson £,-sequencesSuch
operatorshavean (infinite) matrix description

T1-1 T10 T-11

T= To-1 ’T,o' To1

Ti-1 Tio T11

(the squareidentifiesthe (0, 0)-th entry), wherewe will allow, for generality that the entriesT;; are
matriceghemselvessayT;; O CM*Ni. To describesuchoperatorgproperly letM = [- - -,| Mg |, My, - - ]
be a sequencedf non-negativentegers. The spaceof non-uniformsequenceg'signals’) u suchthat

thei-th entry of the sequenceas an M;-dimensionalectoris denotedby

M = oo x Mgx My x---

where M; = CMi, In this context,we call M an index sequencendwrite M = CM andM = #M.
The space/" is the spaceof sequence@n M of finite 2-norm (boundedenegy). This spaceis a
Hilbert space.We denoteby X' (M, N\) the spaceof boundedoperators/$! — KQ/. To be consistent
with earlier literaturein which this notationwas defined[12, 19, 20, 13], we think of sequenceas
row vectors,and of operatorsas acting on the sequencesat the left, so thatwe will write uT rather
thanTu. An operatoris saidto be upperif its matrix representatiois an uppermatrix: T;; = 0 (i >]),
andwe denotethe spaceof boundedupperoperatorsy ¢/ (M, N). Likewise,the spacel of bounded
lower operatorsandthe spaceD = £ n U/ of boundeddiagonaloperatorss defined. We will allow
that some(or all but a finite) numberof entriesof index sequencesre equalto zero. In this way,
finite matricesare incorporatedn the sameframework.

An operatofT [0 X' canbeviewedasatime-varyingtransferoperator:its i-th row containgheimpulse
responseof the systemfor an impulseat time i. An operatorT [J I/ is saidto be causal because
wheny = uT is the responsef an input u which is zeroup till time instantk, theny is alsozeroup
till this point. If T is a time-invariantsystem thenits matrix representatiomasa Toepliz structure.
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The causalbilateral shift-operatoron sequencess denotedby Z: it is suchthat

[« [Uo] w -+]Z=1[- [Ux] U ---].

If uld M, thenwe write uz 0O M@, where MW is equalto the spacesequence\, shiftedoverone
position. We will alsoneeda diagonalshift operator:thek-th diagonalshiftof A 0 X is A® = ZKAZ,
andwill shift the entriesof A over k positionsinto the South-Eastirection: (A®);; = Ai_ j«.

We will saythata HermitianoperatorX O X' (M, M) is uniformly positive, X > 0, if
Oe>0:  [[uXuw|| >e| ud||,for all ud 1.

If X is uniformly positive,thenit is boundedlyinvertible.

In time-varyingsystemsheory one often appliesa collectionof input signalsto a system.In view

of this, it is usefulto stacka collectionof £,-sequencesnto eachotherinto a singlelarger operatoy
whoserows then correspondo the individual £, sequencesTransferoperatorsT canbe appliedto
sucha collection of signalsif the total enegy of the collectionis bounded.To translatethis concept
into mathematicaterms,we definethe Hilbert-Schmidtnorm of an operatorA in X’ as

IAllEs = > 1A 1B

=

andthe Hilbert-Schmidtspaceof operatorsas

Standardsubspacesf x> arell, =X nU, Lo =Xon L, Dy = X5 n D, consistingof thoseelements
of X', U, £, D for which the normsof the entriesaresquaresummable A stackedcollectionof signal
sequencef (4! with total boundedenegy thenis an elementof XZ(CZ,M) [12. We will usethe
shorthandts*! for XZ(CZ,M), althoughwe will sometimeswrite X5 if the preciseform of M is not
of interest. Throughoutthis paper elementsof 5" will havethe interpretationas generalizednput
sequencesatherthanas operatorsgn X'. We will often usethe spacedecomposition

Xo = L7 00Uy, = L7220 D, 0UZ.

As X5 is a Hilbert space,we can define Py as the projectionoperatorof X» onto a subspace/.
Often-usedprojectionsare P: the projectionoperatorof X, ontoif,, and Py: the projectionoperator
of X2 ontoD,. With Py, it is possibleto write anoperatorX in X’ in termsof its diagonalsXg O Da:

X =Y 7%y, Xig = Po(Z*X).

Realizations

A linear causaltime-varyingstaterealizationis given by a collection{Ag, By, C«, Dx}%, of matrices,
and consistsof the recursion

XA +UiB;

xCi +uDj,

5
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wherey; is thei-th entry of a sequences O /5, andlikewisefor y andx. We allow the dimensionsof
all matricesto be time-varying. To avoid an abundancef time-indices,andto usesignalcollections
in x> aswell, we collectthe statematricesinto diagonals:

Ay

andlikewise for B,C, D, sothatthe aboverealizationequationcan be written as

2 s (A ) .
Yii] XiC + uiD B D

whereug; andyy; arethei-th diagonalof u 0 3" andy O X3, and

A O DB,BY), C 0O D(B,N),

B O DM,BD), D O DPWM,N). @

(Wewill, throughouthis paper alwaysassumehatA, B, C,D areindeedboundeddiagonaloperators.)
The spacesequences is calledthe systemorder of the realization;if Ay : di X dgs1, then B = C%. T
is a realizationof T if its entriesT;; or diagonalsT;; are given by

0, i>] 0, i<0
Ty = D;, i=]j = T = D, i=0 (5)
BiAi+1 -+ -A-1Gj, i <] BOAI-D...AMC, i>0.

Let {5 denotethe spectralradiusof the operatorAZ: {a = limy_ || (A" ||1/”. If {5 < 1 thenthe
realizationis calledstrictly stable,and(l - A2) is invertiblein ¢/ sothatT =D +BZ(I - A2)"1C. The
condition/p < 1 is the equivalentin the presentsettingof the condition ‘eigenvaluesof A arein the
unit disc’ in the time-invariantsetting.

D-invariant subspaces

A subspacel of X3 is called (left) D-invariantif D 0O A for all D O D, and shift-invariant
if ZH O H. (All subspaceshat we will use are typically D-invariant.) By taking D equal to
D =diad---, 0,1, O, -- ], it is seenthat a D-invariant subspace falls apartinto ‘slices’ (rows)
H; O £, which are subspacesf (41, andsuchthat

H = ..-XHolex-.._

The dimensionof H canthenbe specifiedby the sequencef dimensionof each?;, i.e., theindex
sequence
s-dimH = [--- dim(Ho) dim(Hy) ---].

If all the dim(H;) arelessthansomeupperbound,thenwe call H locally finite. In this case,it hasa
basisrepresentatiofr suchthat



where 8 = €S 4IM*  E can be obtainedby stackingbasisvectorsof all the #; on top of each
other The diagonaloperator/Ag := Po(FFY) playsthe role of Gramoperator If Ar =1, thenF is an
orthonormalbasisrepresentationlf Ar is uniformly positive: A > 0, thenthe basisrepresentatiolis
calledstrong(it is a Rieszbasis)andcan be usedto definea projectiononto H.

While all of this may seemabstractthe gistis thatwe will encountein the paperbasisrepresentations
thattakeon familiar formssuchasD(I-A2)1C, for whichthe Gramianhasthe notionof observability
operator

Input/output state spaces

Let T OU (M, N) bea (causaltransferoperator WhenT is viewedasan operatorfrom A3\ to (Yév,
thenbecauset, = £,Z1 04, its actionon £,Z1 canbe decomposedhto two operatordHt andKr:

DI'|£22_1 = Kr +Hr: Ht = P( Dr|£22-1) ; Ky =Pg,za( Dr|pzz—1) .

Hr is calledthe Hankeloperatorof T. The rangeandkernelof Hr andHY are D-invariantsubspaces
with importantsystem-theoretipropertieq19]:

{U O L,z : P(UT) =0}

K@M = ker([Hr)

H(T) = ran(HY) = P,,zT)
Ho(T) = ran([Hy) = P(L2Z7'T)
KoM = ke(tHD = {YOUr:P(YT)=0}.

Note that H(T) and Ho(T) are not necessarilyclosed, althoughthey are closedif T is inneror an
isometry Thesesubspacegprovidedecompositionsf £,Z71 andif, as

H O K = ,sz_l

ﬁo O /Co = Uz,
(the overbardenotesclosure). H(T) is calledthe (natural)input statespace,and Ho(T) the (natural)
outputstatespaceof T. If thesesubspacearelocally finite, thenthey havethe sames-dimension:

s-dimH(T) = s-dimH(T),

andT is saidto be locally finite. The input and outputstatespaceslay a centralrole in realization
theory asis demonstratedby the following connection.
Let {A,B,C,D} bearealizationof T. If {5 <1, thenthe operators~ andF( definedby

(BZ+BZAZ+BZ(AZ2 +---)"
C+AZC+(A22C+---

F
Fo

(6)

are boundedoperatorsin £Z* and#, respectively and given by F = (BZ(l —AZ)‘l)D andFg =
(I - AZ71C, respectively (In casels < 1, thenF and Fy are boundedoperatorson D;, and can
be definedvia (6) on a densesubsetof t5.) We will call F the controllability operatorof the
realization,and Fo the observabilityoperator The realizationis called [uniformly] controllable if
the controllability Gramian Ag := Po(FFD) is [uniformly] positive, [uniformly] observableif the
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observabilityGramianAg, := Po(FoFj) is [uniformly] positive,and minimal if it is both controllable
and observable.Equivalently a realizationis controllableiff ker((F) = O (i.e.,, [F is ‘one-to-one’)
and observableff ker( [Fo) = 00, whereasthe realizationis uniformly controllableif Po(FY) = D,
(the operatorPy( [F) is ‘onto’) and uniformly controllableif Po( [Fg) = D.

It can be shown[18] thatif {A,B,C,D} is a realizationof T, then the Hankel operatorHt hasa
factorizationHt = Po( [FY) Fo, whereF andFq areasin (6). This factorizationshowsthat, evenif an
operatorT O ¢/ is locally finite, it might not be possibleto havea realizationwhich is both uniformly
controllableand uniformly observablg18]. This happenswvhen the rangeof Hr is not closed, or
equivalently whenthe rangeof HY is not closed. It alsofollows from the factorizationof Ht that f
a realizationis uniformly controllable,thenFg is a basisrepresentatiof H:

Ho = DoFo = Dy(I -AZ)IC
andif a realizationis uniformly observable,
H = DoF = Dy(I - AZ)ZB.

If the realizationis only controllableor observable then closuresmustbe taken: Hg = D,Fg and
H = D,F, respectively Finally, it is straightforwardto prove, usingthe relationF"” = BZ+ FFAZ, that
the controllability Gramianof a realizationsatisfiesthe Lyapunovequation

ACY = AAA + BUB. )

If {5 <1, thenthe aboveequationhasa uniquesolution[2] given by

00

A = Z(A{i-l})D(BDB)(i)A{i-l},
i=1

whereAll} := ADAGD... A®), Becausela < 1, the summationconvegesstrongly The equationfor
Ar in equation(7) is actuallya recursion.This is seenwhenwe takethe k-th entry of eachdiagonal
in the equation:

ARkt = AARKAK+ BBk

Again, sincelp < 1, the recursionis convegent.
Partial fractions

To end this section,we derive a formula to computea realizationof the upperpart of the operator
THT, when a realizationof T 0 I/ is given. The derivationinvolvesa partial fraction representation
which we statein the following lemma.

Lemmal LetA FMOD, andls<1, ¢ <1 Then

(1 =Z"FDH1ZMz( - A2t = (1 -ZFFD1Z5X + Y(1 - A2, (8)

X = F¥
YED = FOYA+M.
8

wher X,Y O D are givenhby {



ProoF Upon multiplying (8) by (I - Z-FD) at the left andby (I — AZ) at the right, we obtain

ZMZ = ZX(1 - A2) + (I - ZFDY

. {M = —XA+Y(D
0 = X-F
X = F

- {Y(‘l) = FOYA+M.

Lemma 2. LetT O begivenby a staterealization{A,B,C,D} asT =D +BZ(l -A2)"1C, where
{x < 1. Thena staterealizationof the upperpart of T-T is

A C
DB+ CEAA DD + CEAC

where A O D is the (unique)operatorsatisfyingthe Lyapunovequation/A ) = AAA + BB.

ProoOF Evaluationof TUT gives

T9T = [DP+CH1 -Z"AD1ZzBY [D +BZ(l - AZ)1C]
DD + CYI - ZPAD)1Z'B™D + D'BZ(I - AZ)IC +

+ CHI - Z°AD-1Z'BBZ(1 - A2)1C.

Accordingto lemmal, the expressior(l - ZEAD)1ZIBIBZ(I - A2)™! evaluatesas
(1 -Z"AD1ZBBZ(1 - A2 = (1-Z"AD1Z°X + A(1 -A)?
whereX = A“A, andACD = ACAA + BEB. A is uniqueif ¢4 < 1, and

THT = [D'D +CPAC] + [D'B+CMAA] Z(1 -AZ)IC + CHI -Z"AY)1Z8 [APAC +BD] .

3. SPECTRAL FACTORIZATION

An operatorU O X (M, N) is called anisometryif U™U = I, a co-isometryif UU" = I, unitary if it
is both isometricand co-isometric,andinnerif it is unitary and upper An operatorW, 00 (M, N)
is definedto be (left) outerif
UMW, = U
W, is (right) outer if
ﬁzz_l\/\%' = ,sz_l.

Arveson[8] hasshown,in the generalcontextof nestalgebraswhich also appliesto our model of
time-varyingsystemsthatif Q [0 X is a positive operatoy thereexistsan operatorW [J ¢/ suchthat

Q = WHW.
9



W canbe choserto be outer in which casethe factorizationis calleda spectralfactorization. Related
to this fact is anothertheoremof Arvesonin the samepaper which claimsthatoperatorsin a Hilbert
spacehavean innerouterfactorization

W = UW,

where U is an isometry (U™U = 1) and W, is (right) outer! Moreover if Q is uniformly positive
definite, then Q hasa factorizationQ = W5W, whereW, is (left andright) outer andinvertible, and
hencel,Z*WJ = £,Z? (no closureis needed)and W, 0 /. Any otherfactor W canbe written as
W = UW,, whereU is now invertible and henceinner.

In this section,we derive an algorithmto computea time-varyingspectralfactorizationof operators
with a state spacerealization. The computationamountsto the (recursive)solution of a Riccati

eguation. Suchequationshavein generala collectionof solutions. We showthatin orderto obtain

an outer spectralfactor, one mustselectthe smallestpositive solution.

Theouterfactorin a spectralfactorizationof a positiveoperatorthascertaincharacteristigropertiesof
its input and outputstatespaces.This is formulatedin proposition5. The recursiveversionof these
propertiesthen producesa Riccati recursiveequation,and the existenceof the outer factor implies
the existenceof a (positive)solutionto this equation.Otherpropertiesof the equationcanbe derived
from the link with outerfactorsaswell.

Lemma 3. LetT O%U(M, M) beanouterinvertibleoperator with staterealizatonT = {A,B,C,D}.
ThenS=T1 OU(M, M) hasa staterealizationgiven by

S=

— -1 _ -1
[A CD!B -CD ] ©)

D-1B D1

PrROOF SinceT is outerandinvertible, T2 0 ¢/, so S= T1 hasa realizationwhich is causal. Let
y =uT, whereu,y 0 3. Thenu=yS and

{ o] = XWA*TUKRB { Xol) = Xw(A-CD?B) + yyD'B
Yig = xC+uyD ug = —xCD™ + yD™
sothat S hasa staterealizationasin (9). O

Lemma 4. LetW OU beboundedlyinvertible(in X"), with inner-outerfactorizaton W = UW,, and
supposehat W and W, havestrictly stablerealizatimswith the same(A,C): W=D +BZ(l -A2)™C,
W, = Do + BoZ(l - A2)7IC, {p < 1. Let A and A, be the controllability Gramiansof W and W,
respectively Then

Az, A=A, iff UOD.

PROOF SinceW, is outer, a realizationof W, 00 is given by

W, =Dl-D;BZ(I -A*2)'c, A*=A-CDB,

tActually, Arvesonusesa slightly differentdefinition of outernesgnot requiring ker( (W, =), sothatU canbe

)|LZZ’1
choseninner. Theresultinginnerouterfactorizationsarethe samewhenW is invertible. See[17].
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sothatU = WW;! hasmaindiagonalPo(U) = DD;!. SinceU™U = |, thisimpliesthatD;"D'DD;* < I.

Using WAW = W5W, and evaluatingeachterm by meansof lemmaz2 yields the equalities

DD + CEAC
DB + CPAA

D5D, + CFALC
DIB, + CTAA

wherethe controllability Gramians/\ and A, are specified(uniquely) by

APAA + BB
AALA + BEB,

ACD
A§D

The first equationis equivalentto
D"CHA - Ao)CDGt =1 - D;"D'DD;?

andsinceD;FD™DD;! < 1, it follows that A = A, < 1.

The proofthat A = A, O U O D is alsoa straightforwardconsequencef theseequations. O

Recallthe definitionsof inputandoutputstatespace®f T asH(T) = P,z (UoTD), Ho(T) = P(L2Z71T).

Proposition 5. Let T O%/(M, M) be suchthat TH+ T >> 0. In addition,let W 0 2/ (M, M) be an
invertiblefactor of T+ T = WAW. ThenHo(T) O Ho(W). If Wis outer Ho(T) = Ho(W). In particular,
there existsa realizatian of an outer W that hasthe same(A, C) pair as a realizationof T.

ProOF Accordingto Arveson[8], thereexistsan invertible operatorW [0/ suchthat
T+T = W-w.
In general,£oZ WX O £,772, and £,Z W = £,771 if andonly if W is outer Thus

Ho(T) P(L2Z71T)
= P(LZT+TH) [since THO £]

= P(£2ZTWAW)
0 P(Lzz_l\/\/) = Ho(W).

If W is outer then £,Z2WH = £,71 andthe inclusionin the abovederivationbecomesan identity:
Wouter 0 Ho(T) = Ho(W). If {A,B,C,D} is arealizationof T with {5 < 1, thenHo(T) = Do(I -
A2)71C (if therealizationof T is uniformly controllable)or, more generally Ho(T) O D,(I - AZ)™1C.
Hence, it is clear that a realizationof an outer W can havethe same(A, C)-pair as a realizationof
T. .

Notethatnot necessarilyHo(T) = Ho(W) O W outer, asa simpletime-invariantexampleshows. The
proposition,alongwith lemma4, assureshata minimal degreefactor W of T+ T > 0 is obtainedby
taking a realizationof W to havethe (A, C)-pair as a realizationof T, andthat this factor is outer if
the controllability Gramianof this realizationis assmallaspossible.This observatiorformsthe main
part of the proof of the following theorem,which canbe usedto actually computethe realizationof
the outerfactor if arealizationof T is given.
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Theorem 6. LetT O U (M, M) be a locally finite operatorwith an observablestaterealizaton
{A,B,C,D} suchthat/s < 1. ThenTZ+ T > 0 if andonly if a solutionA O D, A > 0 existsof

ATY = AAA + [B”-AAC] (D+D"-C'AC)™ [B-CAA (10)

suchthatD + DY- CEAC > 0.

If T9+T > 0, letW O %/ (M, M) beaninvertiblefactor of T?+T = WAW. A realizaton {A, Bw, C,Dw}
for W suchthat W is outeris thengivenby the smallestsolutionA = 0, and

Dw
Bw

Therealizaton of W is observableand [uniformly] controllable, if T is so.

(D + DY~ CPAC)Y2
Dy’ [B-C AA .

PrROOF Let the realizationof T satisfy the given requirementsand supposehat T+ TH > 0. Then
T+ T =WAW, whereW is outer Accordingto proposition5, W can havethe same(A,C) pairasT.
Henceassumethat W = Dy + BwZ(I - A2)"1C, and denoteits controllability Gramianby A. Then,
with help of lemma2, this realizationsatisfies

D+DY = D{Dw+CPAC, D{EDw > 0
BZ(l - AZ1C [DBw + CPAA] Z(1 - AZ)71C
ACD APAA+BEBw, A=0.

Becausethe realizationof T is observablethe operator{l - AZ)~1C is one-to-oneby definition, and
the abovesetof equationgeduceto

D+DY = D{Dw+C"AC, DEDw > 0
B D{Bw + C"AA
ACD APAA+BEBw, A=0.

O Dw = (D+DY-CFAC)Y2
Bw = Dy[B-CIAA
ACD = APAA + [BP- AAC] (D +DY-CPAC)™ [B-CHAA]

(Dw, andhenceBy, are determinedup to a left diagonalunitary factor), sothat A satisfiesthe given
Riccati equation. In fact, we showedthatif T+ T > 0, the existenceof an outer factor implies
that thereis a solution A of the Riccati equationwhich is positive semi-definite,and suchthat also
D + DY~ CFAC >» 0. The converseto showthat T+ T > 0 if thesequantitiesare positive semi-
definite, resp. uniformly positive,is obviousat this point, since sucha solutiondirectly specifiesa
realizationof aninvertible factor W of T+TH, If this solutionA is the smallestpossiblesolution,then,
by lemma4, W is outer O

The abovetheoremcan be extendedo realizationswithout observabilityconstraint.

Theorem 7. Theoem6 holdsalsoif the realizationof T is not observable.

12



The proof of this theoremis technicaland givenin appendixA.

Theoremss and7 canalsobe specifiedin two alternateforms, familiar from thetime-invariantcontext
[7, 11]:

Corollary 8. (The time-varying positive real lemma) LetT O ¢/ bea locally finite operatorwith
staterealization{A,B,C,D} suchthat /s < 1.

ThenTP+ T > 0 if and only if there exist diagonal operatorsA, Q,By, with A = 0 andQ > 0
satisfying

ACD = ATAA+B{QB,,
ByQ = B“-A°AC
Q = D+DP-CPAC.

PROOF In view of theoremss and7, it sufficesto makethe connectionQ = D{{Dy and By = DyBy.
O

Corollary 9. (Time-varying spectral factorization) Let Q [0 X' be a Hermitian operatorwhose
upperpart is locally finite with staterealization{A,B,C,D} satisfyingfa <1, i.e.,

Q = D + BZ(I -AZ™*C + CH(1 - Z"A)1Z"B",
ThenQ > 0 if and only if there existsa solution A O D, A = 0 of
ACD = APAA + [BP-ATAC] (D-CPAC) T [B-CMAA] (11)

suchthat D - CEAC > 0.

If Q > 0andA is the smallestpositivesolution,thena realization{A, B, C,Dw} for an outer factor
W of Q is givenby
Dw
Bw

(D - CEAC)Y2
Dy [B-CIAA] .

If therealization{A,B,C,D} is observableand contmllable resp.uniformly controllable, thenA >0
resp.\ > 0: therealizaton for W is observableand [uniformly] controllable.

4. COMPUTATIONAL ISSUES

In this section,we considersomecomputationaissueghatplay a role in actuallycomputinga spectral
factorizationof a positiveoperatorQ with a locally finite realizationgivenasin (11). First, notethat
taking the k-th entry alongthe diagonalof eachoperatorin (11) leadsto the Riccati recursion

Ner1 = ANAC + [BL = AACK] (Dk — CAC) ™ [Bk — CAKAY] (12)
andwith Ax known, (Bw)k, (Dw)k alsofollow locally:

(Dx = CRAKCK)Y2
(D) [Bx = CAKAY
13
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Henceall thatis neededin practical computationds an initial point for the recursionof Ax. We
considersomespecialcasedor which suchan initial point canindeedbe obtained.

One generalobservationis that, since there may be more than one positive solution A, there also
may be morethanoneinitial point Ax. Outerfactorsare obtainedby choosingthe smallestpositive
solution, which implies taking the smallestpositive initial point: sinceA < A" 0 Ax £ A (0OK), a
single A\ is part of the smallestsolutionif andonly if the corresponding\ is the smallest.

Finite matrices

Onecasen which exactinitial conditionscanbe obtaineds the casewhereQ 0O X' (M, M) is actually
a finite matrix, i.e., where

M= OxMogxMyXeoox MyxOx..n |

In this case,Q is a finite n x n (block) matrix, and a realizationfor Q can startoff with O statesat
point 1 in time. Sincethe dimensionof A follows thatof A, anexactinitial point for the recursionis
A1 = [0 (a 0x0 matrix), which is alsothe smallestpositiveinitial point. The spectralfactorization
reducedor finite matricesto a Choleskyfactorization,andthe resultingalgorithmis an efficient way
to computeCholeskyfactorizationsfor (large) matriceswith a sparsestate space. Other, related,
resultson computationalinear algebrain a statespacecontextcanbe foundin [22, 18].

Initial time-invariance

A secondclassof systemsre systemswhich are time-invariantbeforesomepointin time, sayk = 1.
Then,beforepointk = 1, all Ax areequalto eachother, andin particular/Ag = A;. Hencetherecursion
for A reducedo an algebraicequation

No = AGNoAq + [BF = AGACo] (Do = CeMNoCo) ™ [Bo = CoNoAo]

which is the classicaltime-invariantRiccati equation. A solutionto this equationcan be obtainedin

one of the classicalways, e.g., as the solutionof a Hamiltonianequation. Multiple solutionsexist,
andin orderto obtainan outerspectralfactor W, the smallestpositive solutionof the aboveequation
mustbe chosen.Becausehe A (k > 0) are determinedoy /g via the recursion(12), the resulting/
will alsobe the smallestsolutionfor all time.

Periodic systems

If Q is periodically time-varying, with period n say then one can apply the usualtime-invariance
transformationby consideringa block systemconsistingof n consecutivestaterealizationsections.
Sincethe block-systenis time-invariant,one cancomputethe smallestsolutionA ; from the resulting
block-Riccatiequationwith the classicaltechniquesand A, is an exactinitial conditionto compute
the realizationof the spectralfactor for time points2,--.,n. As usual,sucha techniquemay not be
attractiveif the periodis large.

14



Unknown initial conditions

Finally, we considerthe more generalcasewhere Q is not completelyspecified,but only, say its
‘future’ submatrix[Q;;]g is known. The unknown‘past’ of Q is assumedo be suchthatQ > 0. In
this case the exactinitial pointfor the recursionof Ay is unknown. It is possibleto startthe recursion
(12) from an approximateinitial point, for which typically Ag = 0 is chosen. The convegenceof
this choiceis investigatedin appendixB. It is shownin proposition16 that when the realization
{A,B,C,D} is observableand has/a < 1, then i (correspondingo the recursion(12) with initial
point No = 0) convepgesto A, the smallestexactsolutionobtainedwith the correctinitial point Ag.

5. CONNECTIONS

In this section,we point out someof the connectionsetweenthe spectralfactorizationresults of
the precedingsections,and other incarnationsof the time-varying Riccati equation,arising in the
orthogonalembeddingproblemandinnerouterfactorizations.

Orthogonal embedding

The orthogonalembeddingproblemis, given a transferoperatorT of a causalboundeddiscrete-time
linear system,to extendthis systemby addingmore inputs and outputsto it suchthat the resulting

systems,
> >
s = l 11 212 ] ’
221 222

is lossless: %5 =1, 59 =1, andhasT asits partial transferwhen the extra inputs are forced to
zero: T = Z31. This problemis also known as the Darlington problemin classicalnetwork theory
[10, 7]. Sincethe losslessnessf = implies TUT + 55,551 =1, it will be possibleto find solutionsto
the embeddingproblemonly if T is contractive: | — THT > 0. The translationof this conditioninto
a staterealizationcontext,leadingto a solutionof the embeddingproblem,is givenin the following
theorem.

Theorem 10. ([21, 20]) Let T O ¢ be a locally finite operatorwith staterealization{A,B,C,D}
whee /5 < 1. If Tis strictly contractive thenthere existsM 00 D, M > 0, suchthat|-DD-C"MC > 0
and

MCD = ASMA+B™B + [A"MC+B™D] (I -D'D - C'MC)™ [D"B+ CHmA| . (13)
If in additionthe statespacerealization is uniformly controllable, thenM > 0.

As in the spectralfactorizationproblem, once a solution M of the Riccati equationis obtained,a
solution Z of the embeddingproblem follows straightforwardly In this respect,we mentionthe
time-varyingboundedreal lemmathatis connectedo the embeddingproblem:

Theorem 11. (Time-varying bounded real lemma [20]) Let T O ¢/(M1,N7) be asin theoem
10, with {A,B,C,D} a uniformly controllable realizaton. Let A O D(B, B(1),
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() If T is uniformly observablethenT is contractiveif and only if the setof equations

A'MA + BB + BB, = M(D
CMC + DD + D§Dy; = 1 (14)
A"MC + B'D + BgDZl =0

hasa solutionM O D(B, B), B, 0 D(N1, BMY), Dy O D(N1,N7) suchthatM > 0.

(i) If T is strictly contractive thenthere existsM > 0 andoperatorsB,, D,; that satisfythe equations
(14).

Exactinitial pointsfor the recursionfor M correspondingo (13) can againbe obtainedin special
caseof generalinterest,andit canbe proventhatthe solutionMy, obtainedby the approximatenitial
point Mg = 0, will convege to the exactsolutionMy. With M solvedfrom the Riccati recursionand
B, D21 determinedusing (14), a realizationZ of the orthogonalembedding> follows as

R A G ‘ Coj R
2= | Bi D ‘ D12; | (15)
I Boi D21i Da2ai I

wherethe statetransformatiorR; is a factor of M; suchthatM; = R-R;, andC,;, D12 andDa;; form
a unitary extensionsuchthat Z; is a squareand unitary matrix. {A,B,,C,D2;} is a realizationfor
3,1, satisfyingl = TOT = 55,555 We havethus obtaineda spectralfactorizationof | = T-T. Via this
connectionthe time-varyingboundedreal lemmacan alsobe obtainedstartingfrom the positivereal
lemma(theorems6 and7). This leadsto a variantof the abovetheoremwhich is more general asit
alsofollows that 25, is in fact an outeroperator

Theorem 12. (Time-varying bounded real lemma derived from positive real lemma) LetT O
U(M1,N1) be a locally finite operatorwith a staterealizaton {A,B,C,D} suchthat {5 < 1. Then
| - TIT > 0 if and only if there existsa solutionM O D(B,8), M = 0 of

MCD = ABMA+B™B + [ATMC +B™D] (I - D'D - C'MC)™? [D'B + CHMA| (16)

suchthat | - D'D — CPMC > 0. If in addition the realizaton of T is observableand [uniformly]
controllable, thenM is [uniformly] positive.

If I =TT > 0, let WO 2(N1,N1) be a factor of | - T-T = WAW. A realization{A, By, C,Dw} for W
suchthat W is outer is thengivenby the smallestsolutionM = 0 of the aboveequation,and

Dw
Bw

PROOF Since/a <1, the Lyapunovequation

(I - D™D - C°MC)Y2
-Dy/ [D"B + C"MA] .

(17)

ACD = APAA + B'B
hasa uniquesolutionA > 0. By lemma2, an expressiorfor | - T-T is

| -T-T = (I - DD - CFAC) - [D'B + CPAA] Z(1 - A2 1C - CH(1 - Z"AD) 128 [B™D + A°AC .
16



The implied realizationfor the upperpartof | - TZT neednot be controllable. Theorem7 claimsthat
| - TUT > 0if andonly if thereexistsa solutionP O D of

PCD = A%PA+ [B'D + AHA + P)C] (1 - D™D - CHA + P)C) [D"B + CHA + P)A

suchthatl - D™D - C{A + P)C »» 0 andP > 0. As a consequencethe operatorM = A + P is
positive semi-definiteand satisfiesequation(16). If therealizationof T is observableand[uniformly]
controllable,thenA >0 [A >> 0], andthe sameholdsfor M.

Theorem? in additionshowsthattherealization{A, By, C,Dw}, with Dy, By asgivenin (17), defines
anouterfactor W of | - T5T = W-W if M is the smallestpositive semi-definitesolution. O

Inner-outer factorization

A realizationof the outer factor in an innerouter factorizationcan also be computedvia a Riccati
eqguation:

Theorem 13. ([17]) Let T O ¢ be a locally finite transfer operator let T = {A,B,C,D} be an
observableealizationof T, andassumé& s < 1. Thena realizationof the outer factor T of T, sothat
To = UT is outerand U™U =1, is given by

S | A C
0 RZ| | ctMA+D®B CMC +D™D
where M = 0 is the solutionof maximalrank of
MCD = ARMA + BB - [ASMC + B™D] (DD + C'MC)! [D'B + CHMA|

andR is a minimal (full range)factor of RR”Y = (DD + C-MC)t, providedthe pseudo-invers¢ D)t
is bounded.

(The pseudo-inversas always boundedif the outer factor has closedrange, in particularif it is
invertible.) Using lemmaz2, and assumingT“T >> 0, one can show that, indeed, T°T = TjTo, by
deriving thatthe realizationsof the upperpartsare equal. With lemma2, the realizationof the upper
partof T5To is

A C
, : (18)
(DB + C™MA) + CPA'A (D™D + CPMC) + CEA'C

whereA\' is the uniqueoperatorsatisfyingthe Lyapunovequation

ANCY = APA'A + [B'D + ATMC] (D™D + C"MC) ™2 [D'B + CTVA .
Consequently(A" + M)D = AJA + M)A+ B'B, sothat A = A" + M satisfiesthe Lyapunovequation
ACD = AUAA + BEB. With A, the realization(18) becomes

A C
BD+CAA D'D+CAC |’

which is the samerealizationas that of the upperpart of THT in lemma2. Conversely one cantry
to derivetheoreml13 from the spectralfactorizationtheoremvia this way, for the specialcasewhere
TUT is invertible (theorem13 is more general).

17



6. CONCLUSIONS

In this paper we have investigatedsomeof the propertiesof a Riccati equationwith time-varying
parametergndtime-varyingdimensions By analysisof the underlyingfundamentaproblem,in this
casethe problemof spectrafactorization,it waspossibleto provethe existenceof a positiveHermitian
solutionandto showhow this solutionis connectedo the outerfactorof thefactorization. (It is, in fact,
the controllability Gramianof arealizationof the factor) The relatively cleanderivationof this result
was greatly enhancedy the useof a recently developedndex-freenotationand the corresponding
realizationtheoryfor time-varyingsystems.Via the connectiorwith spectrafactorization,it wasalso
possibleto give a straightforwardproof of convegenceof the recursion,from an approximateinitial
point to the exactsolution. The convegencepropertyis instrumentain practicalapplicationse.g.,
in caseswhere the staterealizationof a positive operatoris known only on a finite interval, and a
spectralfactor of this operatorshouldbe computed. Such applicationswill be studiedto a larger
extendin future publications.

A. Proof of theorem 7

In this appendix,we will give the proof of theorem7. In orderto relax the observabilitycondition,
we first mentionsomepropertieson realizationsof an outeroperatorandits inverse.

Proposition 14. Let T O U4 (M, M) be an outer invertible operator with staterealizaton T =
{A,B,C,D}. ThenS = T O U(M, M) has a state realizatin given by (9). Moreover T is
[uniformly] controllable if and only if S is [uniformly] controllable, T is [uniformly] observableif
and only if S is [uniformly] observable.Let A* = A- CD™1B. If {4, <1 andT is contmwllable or
observablethen/ax < 1.

ProoF The modelof Swasderivedin lemma3). To provethe remainingproperties/et
DI'|£22_1 = Kr +Hr: Ht = P( Dr|£22-1) ; Ky =Pg,za( Dr|pzz—1) .

The HankeloperatorHt hasa factorizationin termsof the controllability and observabilityoperators
F and Fo definedin (6) as Hr = Po([F") Fo. Partitionu 0 X3 into a pastand a future part:
u=up+u O L2271 0Uy, andpartitiony likewise. Then

Yo = UKy
y= uT = X[0] = Po(UpFED
i = WT+XqkFo
BecauseT is invertiblein 2/, Ky is invertible, and hence the abovesetof equationss equivalentto
Up = YpK7t
U=YS = 3 Xo = Po(ypke'F)
U = YTt =XoFoT™

It follows that S hascontrollability and observabilityoperatorsgiven by

Fs=FK{",  Fos=-FoT!.
18



Theseoperatorsinherit the one-to-oneand onto propertiesof the controllability and observability
operatorsof T.

Finally, to showthat{ax < 1 if {5 <1 andAg >0 or Ag, > 0, we invoke the following extensionof a
resultprovenin [18, lemma3.18]: If Ag >0, then

F is boundedon X5 - Ia<1l.
Applying this resulttwice yields, if Ag >0,
{a<1l 0O Fboundedon X, O Fsboundedon, O [(,<1.
A similar resultholdsif Ag, > 0. m]

We arenow in a positionto provetheorem?, i.e., theorem6 without the observabilityconstraint.

ProoOF of theorem7. We will first transformthe given realizationinto onethatis observable Factor
the observabilityGramian/Ag, of the given realizationas

X,
y

whereX is an invertible statetransformatiorand A1 > 0. Applying X! as statetransformatiorto T
leadsto a realizationT = {A,B,C, D} givenby

sl el

PartitionA', B, C conformthe partitioningof A. It follows that

a=|fhe) g By, =] O
0 Ax 0

Ae = XD[ A1
0

The subsysten{ A1, B1, C1, D} is an observablaealizationof T, with /4, < 1.

SupposeP is a Hermitian solution of

PCD = ATPA + [BU- ATPC] (D + D~ C"PC)™ [B - C PA| (19)
Partition P conformablyto the partitioningof A: P = [F# £2]. Thenequation(19) is equivalentto
12
the threeequations
€Y P(l_ll) = AL P1A + [BY= AL P11Cy] (D + DY~ CiP11Cy) ™ [By — C{P11AL]
() PGY = (A PioAsy + AL P1AL, + [BY - AL P1;1Cy] (D + DP- CP11Cy) ™2 [B, — CTP11AL)]
© PSY = ADLPaAs + ALP1AL + ALP1A, + ADPLA+

+ [BS = (ALLP11 + A5,PL)C1] (D + DY = CiP11C1) ™t [By — Ci{(P11A12 + P12A2))]

WhereA{l =A1 - Cl(D +DU- C?Pllcl)_l [Bl - C?PllAll] .
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Accordingto theorems, the first equationhassolutionsP1; = 0 suchthat D + DY~ C{P13C; > O, if
andonly if T+TY:> 0. TakePy; to be the smallestpositive solution,thenW is outerandthe hasan
observableaealization{As1, Bwi, C1, Dw} with Dw andBayw given by

DiDw = D+DU-CiP1;C;
D\7VD [Bl - C?PllAll] .

Biw

Accordingto proposition14, W1 hasa realizationwith A-operatorgivenby AY; = Aj3 — C1DyiBiw =
A11—C1(D+DP-CIP11Cy) ™t [By = CIP11AL] andsatisfyingla: <1 (sincela,, < 1 andtherealization
of W is observable).The secondequationis a kind of Lyapunovequationin P1,, asonly the first
term of the right-handsideis dependenbn P1,. Given Py3, it hasa unique boundedsolutionsince
{x <1landlp, <1. Thelastequationis a Lyapunovequationin P2,, andalsohasa uniquebounded
solution.

Also notethatD + D”- C{P;;C; = D + DY~ C™PC. Hencewe showed
T+T?>0 < OP satisfying(19), suchthat D + D”- C"PC > 0.

The latter also implies P > 0. With A = XIPX 5, A is in fact independenbf the chosenstate
transformationX and satisfiesthe statement®f the theorem.

The realization of W can be extendedto a non-minimal one that is specifiedin termsof P as
{A, B, C,Dw}, where the newly introducedquantity By, is given by B, = Dy [B’ —C'DPA'] =
[Biw Bow], for a certain Bow. Upon state-transforminghis realizationby X, we obtain a re-
alization of W as {A,By, C,Dw}, where Dy is as before, and By, is specifiedin termsof A as
Bw = By X1 = Di{(B - CTAA). m

B. Convergence of the Riccati recursion (12)

In this section,we studythe convegenceof anapproximatesolution A (k = 0) to the Riccatirecursion
(12), if the recursionis startedwith Aq = O ratherthanthe exactinitial point Ao. It is shownthat
Ax > A for k - o, whenQ > 0, /s < 1 andthe givenrealizationis observable Similar resultsare
well known for the time-invariantcase,andfor the time-varyingcasesomeresultsare known from

the connectionof the Riccati recursionwith Kalman filtering (cf. [1, 5]). However the derivation
given below is more generalbecausestatedimensionsare allowedto vary, and henceAy cannotbe
assumedo be squareandinvertible, asrequiredin [1].

Considerthe following block decompositiorof the matrix representatiomf Q = WHW, anda related
operatorQ = WAW:

Qi1 | Q12 Qi3 Wi | Wi Wis
Q=| QL | Qn Q| . W= Woo  Wa3
I QFs | Q33 Qa3 ] - Was | (20)
Qi1 0 0 Wi O 0
Q= 0 |Qyp Q| . W= Wap Wog
| 0 | Q5 Qus | I W3 |
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In thesedecompositions, Q,; correspondso [Qij]=%, Qo) = [Qi;]§72 is a finite n x n matrix (where
n is someintegerto be specifiedlater), and Q33 correspondso [Q;;]y. The point of introducingthe
operatorfz is that Ag = 0 is the exact (and smallestpositive) initial point of the Riccati recursion
(12) for a spectralfactorizationof the lower right part of Q, andleadsto an outer spectralfactor W
suchthat Q = WAW, of which only the lower right partis computed.This is seenby putting A_; = 0,
B_; = 0in the Riccati recursionfor A, which leadsto Ag = 0. The convegenceof Ay to Ay is studied
from this observation.

As a preliminary step,the following lemmaconsidersa specialcaseof the aboveQ.

Lemma 15. Letbegivenan operatorQ 0 X, Q > 0, with block decomposition
Qpn Qpp O
Q=| Qf, Qn Qp
0 Q5 Qs
where Q,, is an n x n matrix. Let the uppertriangular part of Q be locally finite and strictly stable.

Then
(Q Nz » (Qaz— Q5307309 asn -

(strong convegence).Hence(Q)s3 — (Q )33, where Q is equalto Q, butwith Q;, = 0.

ProOF Let {A,B,C,D} bearealizationof the uppertriangularpartof Q with /y < 1. Let Q;, = C;04,
Q23 = Q2Q2, where

[ BoA1---Anq |
B_sALA_ :
C1= ¥ C2= | BnsAn2Any |
BLA
Bn—2An-1
B-1
. Bn_l -
01=[Ch AC1 AAC, -+ Ag - An2Ch1]

0, = [Cn AnCni1 AnAn+1Cri2 - ] .

ThenQ,C, is asummatiorof n terms,eachcontaininga productAg - - - Ai-; andaproductA;.1 - - - An-1.
Becausé&a < 1 impliesthat productsof the form Ai- - - Axsn - 0 @asn — oo stronglyanduniformly in
k, we 0btainQ1Q2 - 0ifn o oo,

Write X3 = (Q™1)33. By repeateduseof Schurs inversionformula, X3 is given by the recursion
X; =Qi, Xicr1 = (Quergiers — Qkers X Qegern) - (21)

We first considera specialcase,whereQ, , = | (k = 1,2,3). In the derivationbelow, we, for ease
of discussionassumethat also 0,0} = 1, i.e., the realizationis uniformly observableandin output
normalform, althoughthis is not an essentiatequirement.The recursion(21) becomes

Yk
X1

CRXCx
(1 -ONMO) ™ =1+ O Y + Y2 +- -] O,

2The underscords usedin this sectionto denotethat we takeblock submatricesatherthanentriesof Q.

21



sothat,in particular
Y2 =5, + €507 Va1 - YD) O4C,.

For largen, Y> — C5C, andbecomesndependentf Y; andC,, and
X3 » (I = OF5H,05) ™" = (Qa3 ~ 053055Q,3)

independentlyof C,. The expressionon the right-handside is the sameas the value obtainedfor
Ql = 0, i.e.,le =0.

The generalcasereducego the abovespecialcaseby a pre- and post-multiplcationby

112
Qi1
~1/2
Q3
~1/2
Q33

ThismapsQ, ctol, Cy to g;ﬂ{zgk, andQy to nggijfkﬂ. The latter two mappingdeadto realizations
with differentB; and C;, but the A; remainthe same,andin particularthe convegencepropertiesof
C,0, remainunchangedlt follows that (Q )33 — (Qa3 — Q55Q53Q,3)71 alsoin the generalcase.

]

We now returnto the spectralfactorizationproblem,with Q givenasin (20).

Proposition 16. LetQ [0 X, Q > 0 havean uppertriangular part whichis locally finite andgiven
by an observableealization{A,B,C,D} where {5 < 1. Let A O D bethe smallestpositivesolutionof
(11) sothat its entriesA, satisfythe recursiveRiccati equation(12). Let A, (n = 0) be the sequence
obtainedfrom the samerecursion,but starting from Ag = 0.

ThenA, — A, ash — « (strongconvegence).

PrOOF Let Q, Q haveblock decompositionssin (20), whereQ,, is annxn matrix. Let Q = WEW,
Q = WAW, where W, W are outer spectralfactors, then A, A arethe controllability Gramiansof the
realizationof W, W givenin corollary 9. Denote

Wiz = CwiOs
Waz = Cw20,
Wiz = Cwi1AoArL - An-105.

Becauséa < 1, we havethatW;3 — 0 asn - o (strongly),sothatfor large enoughn, A, = Q\Elv,zQw,z

andhence
Q3 = W5, Waz + WaWas + WiaWis

VV'E3W33 + Q%l/\nQZ .

0

ConsequentlyO5(An—An)O5 = Wea\Waz—W55Wa3. Thenextstepis to showthat Wy\Waz—Wa5Waz — 0

for large n, sothat, if the realizationis observableA, — Ap.

Let X3 = (Wg5Wa3)™L, and X3 = (Wg5Waz)™L. SinceQ™! = WIW-E, andW is outersothat W= 0 24, it

follows thatXs = (Q1)33 and X3 = (Q1)s3. Lemmals provesthat, if /4 < 1, then(Q 1)z — (Q1)a3

asn - o, sothatXs — Xs, andhencel, — An. 0
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Finally, we remarkthatalways/Ay < A. This is a consequencef the fact that
Acsh O Aer € N, (22)

which can be provendirectly from the Riccati recursion(12) in a way similar to [5, ch. 9]. Indeed,
let the matrix Gx A, be given by

X = ANAK Bk‘CE/\kAklzl X Bk]—lAE]/\k[Ak Gkl

G =
XN BI- AACK Dy - CIACK BY Dy cy

parameterizethy somematrix X = X". Using Schuts complementsit follows that,if Dx—C/ACx > 0,

then
Gxa 20 O X—ANA - [Bl- AAC] (Dk — CiAKCK) ™ [Bk — CIAKAL] = 0.

HenceAw1 = min{X : Gy, = 0}. Butif Ay < A, thenGp,,, A, 2 Gp,n, 2 0. It follows that
Aw+1 2 A1, sinceAq is the smallesimatrix X for which Gy 4, = 0. This proof alsosupplementghe
remarkmadein section4 thatthe ‘smallestsolution’ is well defined:if A is the smallestsolutionat
one point, the resultingdiagonaloperatorA is the smallestsolutionat all points.
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