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Abstract

It is known that positiveoperatorsΩ on a Hilbert spaceadmit a factorizationof the form Ω = W∗W,

whereW is an outeroperatorwhosematrix representationis upper. As upperHilbert spaceoperators

havean interpretationof transferoperatorsof linear time-varyingsystemsin discretetime, this proves

the existenceof a spectralfactorizationfor time-varyingsystems.In this paper, the aboveresult is

translatedfrom operatortheoryinto control theorylanguage,by derivinghow sucha factorizationcan

be actuallycomputedif a staterealizationof the upperpart of Ω is known. The crucial stepin this

algorithmis thesolutionof a Riccati recursionwith time-varyingcoefficients. It is shownthat,under

conditions,positive solutionsexists, and that the smallestpositive solution lead to a factor which

is outer (‘minimum-phase’). The outer factor can be computednumerically in a numberof cases,

e.g., if the systemis initially time-invariant,periodically time-varying. More generally, for strictly

stablesystemsit is shownthat the Riccati recursion,when startedfrom zero initial conditions,will

stronglyconverge to the exactsmallestpositivesolution,so that the outer factor canbe computedin

arbitrary precisionfor any finite interval in time. The resultscan also be formulatedin termsof a

time-varyingpositivereal lemma.Finally, someconnectionsareprovidedwith Riccati equationsthat

occurin relatedproblemsin time-varyingsystemstheory, suchasinner-outerfactorization,orthogonal

embeddingandthe time-varyingbounded-reallemma.

Keywords

Spectralfactorization,time-varyingsystemtheory, positive real lemma,Riccati equations(discrete-

time, time-varying;convergence),outer factors.

0TechnicalReport,December1993.

This researchwassupportedin part by the commissionof the EC underthe ESPRITBRA program6632(NANA2). The

researchof Dr. Verhaegenhasbeenmadepossibleby a fellowship of the Royal DutchAcademyof Arts andSciences.



1. INTRODUCTION

In modernsystemand (H∞)-control theory, for examplelinear quadraticoptimal control, optimal

filtering and sensitivityminimization,Riccati equationsplay an importantrole. Suchequationsare,

for discrete-timesystems,of the form

P = A∗PA + Q −
�
C + B∗PA� ∗ (R+ B∗PB)−1 �C + B∗PA� (1)

whereP is unknown.Thereis a family of relatedforms of this typeof equation,obtainedby making

certainsubstitutions, and the preciseform dependson the application.Underlyingtheseproblemsis

typically a spectralfactorizationproblem,andthediscrete-timeRiccati equationcorrespondingto this

problemhasoriginally beenstudiedin [3, 4]. TheequationusuallyhasmorethanonesolutionP, and

importantissuesarethecomputationof thelargestor smallestHermitiansolutions,asthesecorrespond

to minimal-phasepropertiesof spectralfactors,or to the stability of (closedloop) transferoperators

constructedfrom thesolution. Suchsolutionsare,for time-invariantsystems,obtainedby an analysis

of theeigenvaluesandinvariantsubspacesof an associated(Hamiltonian)matrix. A recentoverview

of solutionmethods,aswell asmanyreferencesto older literature,canbe foundin thecollection[9].

For generaltime-varyingsystems,the equation(1) becomesa recursion

Pk+1 = A∗
kPkAk + Qk −

�
Ck + B∗

kPkAk � ∗ (Rk + B∗
kPkBk)−1 �Ck + B∗

kPkAk � (2)

in which � Ak, Bk, Ck, Dk � ∞−∞ is a time-varyingrealization,and wherethe dimensionsof the matrices

canalsobe time-varying: the numberof inputs,outputsandstatesneednot be constantin time. For

this case,much lessis known on the structureof solutions.One reasonis that the usualeigenvalue

analysisto classifystableandunstablesystemsis no longerapplicable,e.g.becauseinsteadof a single

A, we now haveto considerthe spectralpropertiesof productsof the Ak, andAk neednot be square.

Attemptshavebeenmadeto definethe notionsof ‘time-varying’ polesand zeros(e.g., [2, 15]) but

theseresultsarenot generalenoughto copewith a time-varyingnumberof poles.

In this paper, we approachthe time-varyingRiccati equationfrom a differentangle,by startingfrom

certainstandardfactorizationproblems(suchas spectralfactorizationand inner-outer factorization)

of operatorsin a Hilbert space.The sameapproachis followed in [16], althoughin that paper, the

startingpoint is the existenceof the Choleskyfactor of a positive definite, finite size matrix. The

Riccati recursionin thesefactorizationproblemsresultsoncea staterealizationfor the operatoris

assumed.Solutionsof thespectralfactorizationandinner-outerfactorizationproblemsareknownalso

in themoregeneralcaseof Hilbert spacenestalgebras(seethework of Arveson[8]), andthis context

appliesto time-varyingsystems,too. For example,a boundedpositiveoperatorΩ hasa factorization

into

Ω = W∗W

whereW can be chosento be outer (‘minimum-phase’). We will show how, from this propertyof

W, propertieson the relatedtime-varyingRiccati equationcanbe derived. In particular, the fact that

thereexistsan outer factor W will imply the existenceof a smallestpositivesolutionto the Riccati

equation.
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An alternativeroute is to study spectralfactorizationproblemsvia optimal control techniques.For

the continuous-timecase,this wasdoneby Andersonet al. [6].

One of the purposesof this paperis to show how a recentlydevelopedcompactnotationfor time-

varyingsystems(see[12, 13]) providesfor a very straightforwardandelegantderivationof important

propertiesof spectralfactorsandthecorrespondingRiccatiequationsin termsof statespacequantities.

The direct analysisof Riccati equationswith time-varyingparametersis believedto be muchharder

andquite tedious.

One applicationin which (time-varying)spectralfactorizationsplay a role is in the solution of the

problem of the uniformly optimal control of time-varying systems,as discussedby Feintuchand

Francis[14]. In this problem,a plant is given, and a causalregulatoris to be designedsuchthat

the closed-loopsystemis stableand certain noiseterms,acting on the inputs of the plant and the

regulator, haveminimaleffect on theoutputsof theclosed-loopsystem.Their solutionto this problem

involves, besidesinner-outer factorizationsand the solution to a Nehari problem,also two spectral

factorizations[14]. This solution was describedat the operatorlevel, and it was remarkedthat

“at present,computationof uniformly optimal controllersfor time-varyingsystemsis not feasible”.

Currentlyhowever, with algorithmsfor the inner-outerfactorization[17], theNehariproblem[13] and

spectralfactorization(thispaper)availableat a state-spacelevel, computationof theoptimalcontroller

is in principlepossible,oncea staterealizationof theplant is known. Theresultingalgorithmconsists

of a numberof Riccati recursionsthat run both forward and backwardin time. The occurrenceof

a backwardrecursionimplies that optimal controllerscan only be computedif the realizationof the

plant is known for all time (for elseapproximatingwindowing schemesmustbe used). In this line,

one possibleapplicationthat is feasibleat presentis the computationof an optimal controller for a

plant whoseparametersareshiftedfrom oneoperatingpoint to another.

Other, relatedfactorizationproblemsin whicha time-varyingRiccatiequationarisesaretheinner-outer

factorizationproblemof bounded‘causal’ operatorsT,

T = UTo ,

whereU is anisometry(U∗U = I) andTo is outer, andtheorthogonalembeddingproblemof contractive

causaloperatorsT (alsoknown asthe unitaryextensionproblem),

Given T, find an inner systemΣ suchthat Σ =

�
T Σ12

Σ21 Σ22 � .

Thereis a connectionbetweenthe solutionof the embeddingproblemandthe time-variantbounded

real lemma[7], which is well knownin its time-invariantversion.Thereis alsoa connectionbetween

the spectralfactorizationproblem and the time-variantpositive real lemma (seee.g., [11] for the

time-invariantdiscrete-timeversion). Our approachto the embeddingproblemis publishedin [21]

andsubmittedfor publicationin [20], while resultson the inner-outerfactorizationappearedin [17].

In this paper, we will be mainly concernedwith the spectralfactorizationproblem. We will only

considerthe ‘easy’ casewherethe invertedterm in theRiccati equationexistsandis bounded,andin

particularwherethis term is definite. Generalizationsarestill possiblebut analyticallymoredifficult

asit leadsto generalizedinverseswith rangeconditions.Thespectralfactorizationproblemis treated
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in section3, and the (related)time-varyingversionof the positivereal lemmais formulated. Some

computationalissuesare discussedin section4. It is argued that (under conditions)the Riccati

recursionconvergesto the exact smallestpositive solution even if the recursionis startedfrom an

approximateinitial point, P0 = 0. This allows to computespectralfactorsof generaltime-varying

positiveoperators,evenif they are not constantor periodicalbeforesomepoint in time. (The proof

of this is relayedto an appendix.) Finally, in section5, we discusssomeconnectionswith related

problemsin which a Riccati equationoccurs, in particular the orthogonalembeddingproblem of

contractiveoperatorsandthe inner-outer factorizationproblem.

2. NOTATION AND PRELIMINARIES

Spaces

Weconsidertime-varyingtransferoperatorsasboundedHilbert spaceoperatorson � 2-sequences.Such

operatorshavean (infinite) matrix description

T =

����������	 ...
...
�
�
 T−1,−1 T−1,0 T−1,1


�
�

T0,−1 T0,0 T0,1
�
�
 T1,−1 T1,0 T1,1


�
�

...

...


�����������
(the squareidentifiesthe (0, 0)-th entry), wherewe will allow, for generality, that the entriesTi,j are

matricesthemselves,sayTi,j ∈ � Mi×Nj . To describesuchoperatorsproperly, let M = [ 
�
�
 , M0 , M1, 
�
�
 ]
be a sequenceof non-negativeintegers.The spaceof non-uniformsequences(‘signals’) u suchthat

the i-th entry of the sequenceis an Mi-dimensionalvector is denotedby�
= 
�
�
 × � 0 ×

�
1 × 
�
�
 ,

where
�

i = � Mi . In this context,we call M an index sequenceand write
�

= � M and M = #
�

.

The space���2 is the spaceof sequencesin
�

of finite 2-norm (boundedenergy). This spaceis a

Hilbert space.We denoteby � (
�

, � ) the spaceof boundedoperators���2 → ���2 . To be consistent

with earlier literaturein which this notationwas defined[12, 19, 20, 13], we think of sequencesas

row vectors,andof operatorsas acting on the sequencesat the left, so that we will write uT rather

thanTu. An operatoris saidto beupperif its matrix representationis anuppermatrix: Ti,j = 0 (i > j),

andwe denotethespaceof boundedupperoperatorsby � (
�

, � ). Likewise, thespace� of bounded

lower operators,and the space� = � ∩ � of boundeddiagonaloperatorsis defined. We will allow

that some(or all but a finite) numberof entriesof index sequencesare equal to zero. In this way,

finite matricesare incorporatedin the sameframework.

An operatorT ∈ � canbeviewedasa time-varyingtransferoperator:its i-th row containstheimpulse

responseof the systemfor an impulseat time i. An operatorT ∈ � is said to be causal, because

wheny = uT is the responseof an input u which is zero up till time instantk, theny is alsozeroup

till this point. If T is a time-invariantsystem,thenits matrix representationhasa Toeplitz structure.
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The causalbilateralshift-operatoron sequencesis denotedby Z: it is suchthat

[ 
�
�
 u0 u1

�
�
 ]Z = [ 
�
�
 u−1 u0


�
�
 ] .

If u ∈
�

, thenwe write uZ ∈
� (1), where

� (1) is equalto thespacesequence
�

, shiftedoverone

position. Wewill alsoneeda diagonalshift operator:thek-th diagonalshift of A ∈ � is A (k) = Z∗kAZk,

andwill shift the entriesof A over k positionsinto the South-Eastdirection: (A (k))i,j = Ai−k,j−k.

We will saythat a HermitianoperatorX ∈ � (
�

,
�

) is uniformly positive,X � 0, if

∃ ε > 0 : � uXu∗ � > ε � uu∗ � , for all u ∈ � �2 .

If X is uniformly positive,thenit is boundedlyinvertible.

In time-varyingsystemstheory, one often appliesa collectionof input signalsto a system.In view

of this, it is useful to stacka collectionof � 2-sequencesonto eachother into a singlelarger operator,

whoserows then correspondto the individual � 2 sequences.TransferoperatorsT can be appliedto

sucha collectionof signalsif the total energy of the collectionis bounded.To translatethis concept

into mathematicalterms,we definethe Hilbert-Schmidtnorm of an operatorA in � as� A � 2HS =
∞

i,j=−∞
� Ai,j � 2F

andthe Hilbert-Schmidtspaceof operatorsas� 2(
�

, � ) = � X ∈ � (
�

, � ) : � X � HS < ∞ � .

Standardsubspacesof � 2 are � 2 = � 2 ∩ � , � 2 = � 2 ∩ � , � 2 = � 2 ∩ � , consistingof thoseelements

of � , � , � , � for which thenormsof theentriesaresquaresummable.A stackedcollectionof signal

sequencesin ���2 with total boundedenergy then is an elementof � 2( � � � , � ) [12]. We will usethe

shorthand� �2 for � 2( � � � , � ), althoughwe will sometimeswrite � 2 if thepreciseform of
�

is not

of interest.Throughoutthis paper, elementsof �!�2 will havethe interpretationasgeneralizedinput

sequences,ratherthanasoperatorsin � . We will often usethe spacedecomposition� 2 = � 2Z−1 ⊕ � 2 = � 2Z−1 ⊕ � 2 ⊕ � 2Z.

As � 2 is a Hilbert space,we can define P" as the projectionoperatorof � 2 onto a subspace# .

Often-usedprojectionsare P: the projectionoperatorof � 2 onto � 2, andP0: the projectionoperator

of � 2 onto � 2. With P0, it is possibleto write anoperatorX in � 2 in termsof its diagonalsX[k] ∈ � 2:

X =
∞

−∞
ZkX[k] , X[k] = P0(Z−kX) .

Realizations

A linear causaltime-varyingstaterealizationis given by a collection � Ak, Bk, Ck, Dk � ∞
−∞ of matrices,

andconsistsof the recursion
xi+1 = xiAi + uiBi

yi = xiCi + uiDi ,
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whereui is the i-th entryof a sequenceu ∈ � 2, andlikewisefor y andx. We allow thedimensionsof

all matricesto be time-varying.To avoidan abundanceof time-indices,andto usesignalcollections

in � 2 aswell, we collect the statematricesinto diagonals:

A =

�������	 . ..

A0

A1

. ..


�������� ,

andlikewise for B,C,D, so that the aboverealizationequationcanbe written as

x(−1)
[i+1] = x[i]A + u[i]B

y[i] = x[i]C + u[i]D
T =

�
A C

B D � (3)

whereu[i] andy[i] are the i-th diagonalof u ∈ �$�2 andy ∈ �%�2 , and

A ∈ � ( & , & (−1)) , C ∈ � ( & , � ) ,

B ∈ � (
�

, & (−1)) , D ∈ � (
�

, � ) .
(4)

(We will, throughoutthispaper, alwaysassumethatA,B,C,D areindeedboundeddiagonaloperators.)

The spacesequence& is calledthesystemorderof the realization;if Ak : dk × dk+1, then & k = � dk. T

is a realizationof T if its entriesTij or diagonalsT[i] aregiven by

Tij = '(() ((*
0 , i > j

Di , i = j

BiAi+1

�
�
 Aj−1Cj , i < j

⇔ T[i] = '(() ((*
0, i < 0

D, i = 0

B(i)A(i−1) 
�
�
 A(1)C, i > 0 .

(5)

Let � A denotethe spectralradiusof the operatorAZ: � A = limn→∞ � (AZ)n � 1/n. If � A < 1 then the

realizationis calledstrictly stable,and(I − AZ) is invertible in � so thatT = D + BZ(I − AZ)−1C. The

condition � A < 1 is the equivalentin the presentsettingof the condition‘eigenvaluesof A are in the

unit disc’ in the time-invariantsetting.

D-invariant subspaces

A subspace# of �+�2 is called (left) D-invariant if D # ⊂ # for all D ∈ � , and shift-invariant

if Z# ⊂ # . (All subspacesthat we will use are typically D-invariant.) By taking D equal to

D = diag[ 
�
�
 , 0, I, 0, 
�
�
 ], it is seenthat a D-invariant subspace# falls apart into ‘slices’ (rows)# i ⊂ �,�2 , which aresubspacesof ���2 , andsuchthat# = 
�
�
 × # 0 × # 1 × 
�
�
 .
The dimensionof # can thenbe specifiedby the sequenceof dimensionsof each # i , i.e., the index

sequence

s-dim # = [ 
�
�
 dim( # 0) dim( # 1) 
�
�
 ] .

If all the dim( # i ) arelessthansomeupperbound,thenwe call # locally finite. In this case,it hasa

basisrepresentationF suchthat # = �.-2 F ,
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where & = � s-dim" . F can be obtainedby stackingbasisvectorsof all the # i on top of each

other/ . The diagonaloperatorΛF := P0(FF∗) plays the role of Gramoperator. If ΛF = I, thenF is an

orthonormalbasisrepresentation.If ΛF is uniformly positive: Λ � 0, thenthebasisrepresentationis

calledstrong (it is a Rieszbasis)andcanbe usedto definea projectiononto # .

While all of thismayseemabstract,thegist is thatwe will encounterin thepaperbasisrepresentations

thattakeonfamiliar formssuchas � 2(I−AZ)−1C, for whichtheGramianhasthenotionof observability

operator.

Input/output state spaces

Let T ∈ � (
�

, � ) bea (causal)transferoperator. WhenT is viewedasanoperatorfrom �0�2 to �1�2 ,

thenbecause� 2 = � 2Z−1 ⊕ � 2, its actionon � 2Z−1 canbedecomposedinto two operatorsHT andKT:

⋅ T 2 3
2Z−1 = KT + HT : ⋅ HT = P( ⋅ T 2 3

2Z−1) ; ⋅ KT = P 3
2Z−1( ⋅ T 2 3

2Z−1) .

HT is calledthe Hankeloperatorof T. The rangeandkernelof HT andH∗
T areD-invariantsubspaces

with importantsystem-theoreticproperties[19]:4
(T) = ker( ⋅ HT) = � U ∈ � 2Z−1 : P(UT) = 0 �# (T) = ran( ⋅ H∗

T) = P 3
2Z−1(� 2T∗)# 0(T) = ran( ⋅ HT) = P( � 2Z−1T)4

0(T) = ker( ⋅ H∗
T) = � Y ∈ � 2 : P 3

2Z−1(YT∗) = 0 � .

Note that # (T) and # 0(T) are not necessarilyclosed,althoughthey are closedif T is inner or an

isometry. Thesesubspacesprovidedecompositionsof � 2Z−1 and � 2 as# ⊕
4

= � 2Z−1# 0 ⊕
4

0 = � 2 ,

(the overbardenotesclosure). # (T) is called the (natural)input statespace,and # 0(T) the (natural)

outputstatespaceof T. If thesesubspacesare locally finite, thenthey havethe sames-dimension:

s-dim # (T) = s-dim # 0(T) ,

andT is saidto be locally finite. The input andoutputstatespacesplay a centralrole in realization

theory, as is demonstratedby the following connection.

Let � A,B,C,D � be a realizationof T. If � A < 1, thenthe operatorsF andF0 definedby

F := 5 BZ+ BZAZ+ BZ(AZ)2 + 
�
�
�6 ∗
F0 := C + AZC + (AZ)2 C + 
�
�
 (6)

are boundedoperatorsin � Z−1 and � , respectively, and given by F = 5 BZ(I − AZ)−1 6 ∗ and F0 =

(I − AZ)−1C, respectively. (In case � A ≤ 1, then F and F0 are boundedoperatorson � 2, and can

be defined via (6) on a densesubsetof � 2.) We will call F the controllability operatorof the

realization,and F0 the observabilityoperator. The realizationis called [uniformly] controllable if

the controllability Gramian ΛF := P0(FF∗) is [uniformly] positive, [uniformly] observableif the
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observabilityGramianΛF0 := P0(F0F∗
0) is [uniformly] positive,andminimal if it is both controllable

andobservable.Equivalently, a realizationis controllableif f ker( ⋅ F) = ∅ (i.e., , ⋅ F is ‘one-to-one’)

and observableif f ker( ⋅ F0) = ∅, whereasthe realizationis uniformly controllableif P0( ⋅ F∗) = � 2

(the operatorP0( ⋅ F∗) is ‘onto’) anduniformly controllableif P0( ⋅ F∗
0) = � 2.

It can be shown[18] that if � A,B,C,D � is a realizationof T, then the Hankel operatorHT hasa

factorizationHT = P0( ⋅ F∗) F0, whereF andF0 areasin (6). This factorizationshowsthat,evenif an

operatorT ∈ � is locally finite, it might not bepossibleto havea realizationwhich is bothuniformly

controllableand uniformly observable[18]. This happenswhen the rangeof HT is not closed,or

equivalently, when the rangeof H∗
T is not closed.It alsofollows from the factorizationof HT that if

a realizationis uniformly controllable,thenF0 is a basisrepresentationof # 0:# 0 = � 2F0 = � 2(I − AZ)−1C

andif a realizationis uniformly observable,# = � 2F = � 2(I − AZ)−∗Z∗B∗ .

If the realizationis only controllableor observable,then closuresmust be taken: # 0 = � 2F0 and# = � 2F, respectively. Finally, it is straightforwardto prove,usingthe relationF∗ = BZ+ F∗AZ, that

the controllability Gramianof a realizationsatisfiesthe Lyapunovequation

Λ(−1)
F = A∗ΛFA + B∗B. (7)

If � A < 1, thenthe aboveequationhasa uniquesolution[2] given by

ΛF =
∞

i=1

(A7 i−18 )∗(B∗B)(i)A7 i−18 ,
whereA7 i 8 := A(i)A(i−1) 
�
�
 A(1). Because� A < 1, the summationconvergesstrongly. The equationfor

ΛF in equation(7) is actuallya recursion.This is seenwhenwe takethe k-th entryof eachdiagonal

in the equation:

(ΛF)k+1 = A∗
k(ΛF)kAk + B∗

kBk .

Again, since � A < 1, the recursionis convergent.

Partial fractions

To end this section,we derive a formula to computea realizationof the upperpart of the operator

T∗T, when a realizationof T ∈ � is given. The derivationinvolvesa partial fraction representation

which we statein the following lemma.

Lemma 1. Let A,F, M ∈ � , and � A < 1, � F < 1. Then

(I − Z∗F∗)−1Z∗MZ(I − AZ)−1 = (I − Z∗F∗)−1Z∗X + Y(I − AZ)−1 , (8)

where X,Y ∈ � are givenby
X = F∗Y

Y(−1) = F∗YA + M .
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PROOF Upon multiplying (8) by (I − Z∗F∗) at the left andby (I − AZ) at the right, we obtain

Z∗MZ = Z∗X(I − AZ) + (I − Z∗F∗)Y

⇒
M = −XA+ Y(−1)

0 = X − F∗Y

⇔
X = F∗Y

Y(−1) = F∗YA + M . 9
Lemma 2. Let T ∈ � be givenby a staterealization � A,B,C,D � as T = D + BZ(I − AZ)−1C, where� A < 1. Thena staterealizationof the upperpart of T∗T is�

A C

D∗B + C∗ΛA D∗D + C∗ΛC �
where Λ ∈ � is the (unique)operatorsatisfyingthe LyapunovequationΛ (−1) = A∗ΛA + B∗B.

PROOF Evaluationof T∗T gives

T∗T =
�
D∗ + C∗(I − Z∗A∗)−1Z∗B∗ � �D + BZ(I − AZ)−1C�

= D∗D + C∗(I − Z∗A∗)−1Z∗B∗D + D∗BZ(I − AZ)−1C +

+ C∗(I − Z∗A∗)−1Z∗B∗BZ(I − AZ)−1C.

Accordingto lemma1, the expression(I − Z∗A∗)−1Z∗B∗BZ(I − AZ)−1 evaluatesas

(I − Z∗A∗)−1Z∗B∗BZ(I − AZ)−1 = (I − Z∗A∗)−1Z∗X + Λ(I − AZ)−1

whereX = A∗Λ, andΛ(−1) = A∗ΛA + B∗B. Λ is uniqueif � A < 1, and

T∗T =
�
D∗D + C∗ΛC� +

�
D∗B + C∗ΛA� Z(I − AZ)−1C + C∗(I − Z∗A∗)−1Z∗ � A∗ΛC + B∗D � . 9
3. SPECTRAL FACTORIZATION

An operatorU ∈ � (
�

, � ) is called an isometryif U∗U = I, a co-isometryif UU∗ = I, unitary if it

is both isometricandco-isometric,and inner if it is unitary andupper. An operatorWo ∈ � (
�

, � )

is definedto be (left) outer if �:�2 Wo = � �2 .

Wo is (right) outer if � 2Z−1W∗
o = � 2Z−1 .

Arveson[8] hasshown,in the generalcontextof nestalgebraswhich also appliesto our model of

time-varyingsystems,that if Ω ∈ � is a positiveoperator, thereexistsan operatorW ∈ � suchthat

Ω = W∗W.
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W canbechosento beouter, in which casethe factorizationis calleda spectralfactorization.Related

to this fact is anothertheoremof Arvesonin thesamepaper, which claimsthatoperatorsin a Hilbert

spacehavean inner-outer factorization

W = UWo

where U is an isometry(U∗U = I) and Wo is (right) outer.1 Moreover, if Ω is uniformly positive

definite, thenΩ hasa factorizationΩ = W∗
oWo whereWo is (left andright) outerand invertible, and

hence� 2Z−1W∗
o = � 2Z−1 (no closureis needed)andW−1

o ∈ � . Any other factor W canbe written as

W = UWo, whereU is now invertibleandhenceinner.

In this section,we derivean algorithmto computea time-varyingspectralfactorizationof operators

with a statespacerealization. The computationamountsto the (recursive)solution of a Riccati

equation.Suchequationshavein generala collectionof solutions.We showthat in order to obtain

an outerspectralfactor, onemustselectthe smallestpositivesolution.

Theouterfactor in a spectralfactorizationof a positiveoperatorhascertaincharacteristicpropertiesof

its input andoutputstatespaces.This is formulatedin proposition5. The recursiveversionof these

propertiesthen producesa Riccati recursiveequation,and the existenceof the outer factor implies

theexistenceof a (positive)solutionto this equation.Otherpropertiesof theequationcanbederived

from the link with outer factorsaswell.

Lemma 3. LetT ∈ � (
�

,
�

) beanouterinvertibleoperator, with staterealizationT = � A,B,C,D � .
ThenS= T−1 ∈ � (

�
,
�

) hasa staterealizationgivenby

S =

�
A − CD−1B −CD−1

D−1B D−1 � (9)

PROOF SinceT is outer and invertible, T−1 ∈ � , so S = T−1 hasa realizationwhich is causal. Let

y = uT, whereu,y ∈ �.�2 . Thenu = yS, and

x(−1)
[k+1] = x[k]A + u[k]B

y[k] = x[k]C + u[k]D
⇔

x(−1)
[k+1] = x[k](A − CD−1B) + y[k]D−1B

u[k] = −x[k]CD−1 + y[k]D−1

so that S hasa staterealizationasin (9).

9
Lemma 4. Let W ∈ � beboundedlyinvertible(in � ), with inner-outerfactorizationW = UWo, and

supposethat W andWo havestrictly stablerealizationswith thesame(A,C): W = D + BZ(I − AZ)−1C,

Wo = Do + BoZ(I − AZ)−1C, � A < 1. Let Λ and Λo be the controllability Gramiansof W and Wo,

respectively. Then

Λ ≥ Λo , Λ = Λo iff U ∈ � .

PROOF SinceWo is outer, a realizationof W−1
o ∈ � is given by

W−1
o = D−1

o − D−1
o BZ(I − A×Z)−1C, A× = A − CD−1B,

1Actually, Arvesonusesa slightly differentdefinition of outerness(not requiring ker( ⋅ Wo) ;;=< 2Z−1= ∅), so that U canbe

choseninner. Theresultinginner-outerfactorizationsarethe samewhenW is invertible. See[17].

10



sothatU = WW−1
o hasmaindiagonalP0(U) = DD−1

o . SinceU∗U = I, this impliesthatD−∗
o D∗DD−1

o ≤ I.

Using
>

W∗W = W∗
oWo andevaluatingeachterm by meansof lemma2 yields the equalities

D∗D + C∗ΛC = D∗
oDo + C∗ΛoC

D∗B + C∗ΛA = D∗
oBo + C∗ΛoA

wherethe controllability GramiansΛ andΛo arespecified(uniquely)by

Λ(−1) = A∗ΛA + B∗B

Λ(−1)
o = A∗ΛoA + B∗

oBo

The first equationis equivalentto

D−∗
o C∗(Λ − Λo)CD−1

o = I − D−∗
o D∗DD−1

o

andsinceD−∗
o D∗DD−1

o ≤ I, it follows that Λ − Λo ≤ 1.

The proof that Λ = Λo ⇒ U ∈ � is alsoa straightforwardconsequenceof theseequations.

9
Recallthedefinitionsof inputandoutputstatespacesof T as # (T) = P 3

2Z−1(� 2T∗), # 0(T) = P( � 2Z−1T).

Proposition 5. Let T ∈ � (
�

,
�

) be suchthat T∗ + T � 0. In addition, let W ∈ � (
�

,
�

) be an

invertiblefactor of T∗ +T = W∗W. Then # 0(T) ⊂ # 0(W). If W is outer, # 0(T) = # 0(W). In particular,

there existsa realization of an outer W that hasthe same(A,C) pair as a realizationof T.

PROOF Accordingto Arveson[8], thereexistsan invertibleoperatorW ∈ � suchthat

T∗ + T = W∗W.

In general,� 2Z−1W∗ ⊂ � 2Z−1, and � 2Z−1W∗ = � 2Z−1 if andonly if W is outer. Thus# 0(T) = P( � 2Z−1T)

= P( � 2Z−1[T + T∗]) [sinceT∗ ∈ � ]

= P( � 2Z−1W∗W)

⊂ P( � 2Z−1W) = # 0(W) .

If W is outer, then � 2Z−1W∗ = � 2Z−1 and the inclusionin the abovederivationbecomesan identity:

W outer ⇒ # 0(T) = # 0(W). If � A,B,C,D � is a realizationof T with � A < 1, then # 0(T) = � 2(I −
AZ)−1C (if the realizationof T is uniformly controllable)or, moregenerally, # 0(T) ⊂ � 2(I − AZ)−1C.

Hence,it is clear that a realizationof an outer W can havethe same(A,C)-pair as a realizationof

T.

9
Notethatnot necessarily# 0(T) = # 0(W) ⇒ W outer, asa simpletime-invariantexampleshows.The

proposition,alongwith lemma4, assuresthata minimal degreefactorW of T+T∗ � 0 is obtainedby

taking a realizationof W to havethe (A,C)-pair as a realizationof T, and that this factor is outer if

thecontrollabilityGramianof this realizationis assmallaspossible.This observationformsthemain

part of the proof of the following theorem,which canbe usedto actuallycomputethe realizationof

the outer factor if a realizationof T is given.

11



Theorem 6. Let T ∈ � (
�

,
�

) be a locally finite operator with an observablestaterealization� A,B,C,D � suchthat � A < 1. ThenT∗ + T � 0 if andonly if a solutionΛ ∈ � , Λ ≥ 0 existsof

Λ(−1) = A∗ΛA +
�
B∗ − A∗ΛC� (D + D∗ − C∗ΛC)−1

�
B − C∗ΛA� (10)

suchthat D + D∗ − C∗ΛC � 0.

If T∗ +T � 0, let W ∈ � (
�

,
�

) bean invertiblefactorof T∗ +T = W∗W. A realization � A,BW, C,DW �
for W suchthat W is outer is thengivenby the smallestsolutionΛ ≥ 0, and

DW = (D + D∗ − C∗ΛC)1/2

BW = D−∗
W

�
B − C∗ΛA� .

Therealization of W is observableand [uniformly] controllable, if T is so.

PROOF Let the realizationof T satisfy the given requirements,and supposethat T + T∗ � 0. Then

T + T∗ = W∗W, whereW is outer. Accordingto proposition5, W canhavethe same(A,C) pair asT.

Henceassumethat W = DW + BWZ(I − AZ)−1C, and denoteits controllability Gramianby Λ. Then,

with help of lemma2, this realizationsatisfies

D + D∗ = D∗
WDW + C∗ΛC, D∗

WDW � 0

BZ(I − AZ)−1C =
�
D∗

WBW + C∗ΛA� Z(I − AZ)−1C

Λ(−1) = A∗ΛA + B∗
WBW , Λ ≥ 0 .

Becausethe realizationof T is observable,the operator⋅ (I − AZ)−1C is one-to-oneby definition, and

the abovesetof equationsreduceto

D + D∗ = D∗
WDW + C∗ΛC, D∗

WDW � 0

B = D∗
WBW + C∗ΛA

Λ(−1) = A∗ΛA + B∗
WBW , Λ ≥ 0 .

⇒ DW = (D + D∗ − C∗ΛC)1/2

BW = D−∗
W

�
B − C∗ΛA�

Λ(−1) = A∗ΛA +
�
B∗ − A∗ΛC� (D + D∗ − C∗ΛC)−1

�
B − C∗ΛA� ,

(DW, andhenceBW, aredeterminedup to a left diagonalunitary factor), so that Λ satisfiesthe given

Riccati equation. In fact, we showedthat if T + T∗ � 0, the existenceof an outer factor implies

that thereis a solutionΛ of the Riccati equationwhich is positivesemi-definite,and suchthat also

D + D∗ − C∗ΛC � 0. The converse,to show that T + T∗ � 0 if thesequantitiesare positivesemi-

definite, resp.uniformly positive, is obviousat this point, sincesucha solutiondirectly specifiesa

realizationof an invertible factorW of T+T∗. If this solutionΛ is thesmallestpossiblesolution,then,

by lemma4, W is outer.

9
The abovetheoremcanbe extendedto realizationswithout observabilityconstraint.

Theorem 7. Theorem6 holdsalso if the realizationof T is not observable.

12



The proof of this theoremis technicalandgiven in appendixA.

Theorems
?

6 and7 canalsobespecifiedin two alternateforms,familiar from thetime-invariantcontext

[7, 11]:

Corollary 8. (The time-varying positive real lemma) Let T ∈ � bea locally finiteoperatorwith

staterealization � A,B,C,D � suchthat � A < 1.

Then T∗ + T � 0 if and only if there exist diagonal operatorsΛ, Q,B′
W with Λ ≥ 0 and Q � 0

satisfying
Λ(−1) = A∗ΛA + B′∗

WQB′
W

B′∗
WQ = B∗ − A∗ΛC

Q = D + D∗ − C∗ΛC.

PROOF In view of theorems6 and7, it sufficesto maketheconnectionQ = D∗
WDW andBW = DWB′

W.
9

Corollary 9. (Time-varying spectral factorization) Let Ω ∈ � be a Hermitian operatorwhose

upperpart is locally finite with staterealization � A,B,C,D � satisfying� A < 1, i.e.,

Ω = D + BZ(I − AZ)−1C + C∗(I − Z∗A∗)−1Z∗B∗ ,

ThenΩ � 0 if and only if there existsa solutionΛ ∈ � , Λ ≥ 0 of

Λ(−1) = A∗ΛA +
�
B∗ − A∗ΛC� (D − C∗ΛC)−1

�
B − C∗ΛA� , (11)

suchthat D − C∗ΛC � 0.

If Ω � 0 andΛ is thesmallestpositivesolution,thena realization � A,BW, C,DW � for an outer factor

W of Ω is givenby
DW = (D − C∗ΛC)1/2

BW = D−∗
W

�
B − C∗ΛA� .

If the realization � A,B,C,D � is observableand controllable resp.uniformly controllable, thenΛ > 0

resp.Λ � 0: the realization for W is observableand [uniformly] controllable.

4. COMPUTATIONAL ISSUES

In thissection,we considersomecomputationalissuesthatplay a role in actuallycomputinga spectral

factorizationof a positiveoperatorΩ with a locally finite realizationgivenasin (11). First, notethat

taking the k-th entry alongthe diagonalof eachoperatorin (11) leadsto the Riccati recursion

Λk+1 = A∗
kΛkAk +

�
B∗

k − A∗
kΛkCk � (Dk − C∗

kΛkCk)−1 �Bk − C∗
kΛkAk � , (12)

andwith Λk known, (BW)k, (DW)k alsofollow locally:

(DW)k = (Dk − C∗
kΛkCk)1/2

(BW)k = (D−∗
W )k

�
Bk − C∗

kΛkAk �
13



Henceall that is neededin practical computationsis an initial point for the recursionof Λ k. We

considersomespecialcasesfor which suchan initial point canindeedbe obtained.

One generalobservationis that, since theremay be more than one positive solution Λ, therealso

may be more thanone initial point Λk. Outer factorsare obtainedby choosingthe smallestpositive

solution, which implies taking the smallestpositive initial point: since Λ ≤ Λ ′ ⇒ Λk ≤ Λ′
k(∀k), a

singleΛk is part of the smallestsolutionif andonly if the correspondingΛ is the smallest.

Finite matrices

Onecasein whichexactinitial conditionscanbeobtainedis thecasewhereΩ ∈ � (
�

,
�

) is actually

a finite matrix, i.e., where �
= 
�
�
 ∅ ×

�
0 ×
�

1 × 
�
�
 × � n × ∅ × 
�
�
 ,
In this case,Ω is a finite n × n (block) matrix, and a realizationfor Ω can startoff with 0 statesat

point 1 in time. Sincethe dimensionof Λ follows thatof A, anexactinitial point for the recursionis

Λ1 = [ ⋅ ] (a 0 × 0 matrix), which is also the smallestpositiveinitial point. The spectralfactorization

reducesfor finite matricesto a Choleskyfactorization,andthe resultingalgorithmis an efficient way

to computeCholeskyfactorizationsfor (large) matriceswith a sparsestatespace. Other, related,

resultson computationallinear algebrain a statespacecontextcanbe found in [22, 18].

Initial time-invariance

A secondclassof systemsaresystemswhich are time-invariantbeforesomepoint in time, sayk = 1.

Then,beforepointk = 1, all Λk areequalto eachother, andin particularΛ0 = Λ1. Hencetherecursion

for Λ reducesto an algebraicequation

Λ0 = A∗
0Λ0A0 +

�
B∗

0 − A∗
0ΛC0 � (D0 − C∗

0Λ0C0)−1
�
B0 − C∗

0Λ0A0 � ,

which is the classicaltime-invariantRiccati equation.A solutionto this equationcanbe obtainedin

one of the classicalways, e.g., as the solutionof a Hamiltonianequation. Multiple solutionsexist,

andin orderto obtainan outerspectralfactor W, the smallestpositivesolutionof the aboveequation

mustbe chosen.Becausethe Λk (k > 0) aredeterminedby Λ0 via the recursion(12), the resultingΛ
will alsobe the smallestsolutionfor all time.

Periodic systems

If Ω is periodically time-varying,with period n say, then one can apply the usual time-invariance

transformation,by consideringa block systemconsistingof n consecutivestaterealizationsections.

Sincetheblock-systemis time-invariant,onecancomputethesmallestsolutionΛ 1 from the resulting

block-Riccatiequationwith the classicaltechniques,andΛ1 is an exactinitial conditionto compute

the realizationof the spectralfactor for time points2, 
�
�
 , n. As usual,sucha techniquemay not be

attractiveif the periodis large.

14



Unknown initial conditions

Finally
@

, we considerthe more generalcasewhere Ω is not completelyspecified,but only, say, its

‘future’ submatrix[Ωi,j ]∞
0 is known. The unknown‘past’ of Ω is assumedto be suchthat Ω � 0. In

this case,theexactinitial point for therecursionof Λk is unknown. It is possibleto starttherecursion

(12) from an approximateinitial point, for which typically Λ̂0 = 0 is chosen. The convergenceof

this choice is investigatedin appendixB. It is shownin proposition16 that when the realization� A,B,C,D � is observableand has � A < 1, then Λ̂k (correspondingto the recursion(12) with initial

point Λ̂0 = 0) convergesto Λk, the smallestexactsolutionobtainedwith the correctinitial point Λ 0.

5. CONNECTIONS

In this section,we point out someof the connectionsbetweenthe spectralfactorizationresultsof

the precedingsections,and other incarnationsof the time-varying Riccati equation,arising in the

orthogonalembeddingproblemandinner-outerfactorizations.

Orthogonal embedding

The orthogonalembeddingproblemis, given a transferoperatorT of a causalboundeddiscrete-time

linear system,to extendthis systemby addingmore inputsand outputsto it suchthat the resulting

systemΣ,

Σ =

�
Σ11 Σ12

Σ21 Σ22 � ,

is lossless:Σ∗Σ = I, ΣΣ∗ = I, and hasT as its partial transferwhen the extra inputs are forced to

zero: T = Σ11. This problemis also known as the Darlington problemin classicalnetwork theory

[10, 7]. Sincethe losslessnessof Σ implies T∗T + Σ∗
21Σ21 = I, it will be possibleto find solutionsto

the embeddingproblemonly if T is contractive: I − T∗T ≥ 0. The translationof this condition into

a staterealizationcontext,leadingto a solutionof the embeddingproblem,is given in the following

theorem.

Theorem 10. ([21, 20]) Let T ∈ � be a locally finite operatorwith staterealization � A,B,C,D �
where � A < 1. If T is strictly contractive,thenthereexistsM ∈ � , M ≥ 0, suchthat I−D∗D−C∗MC � 0

and

M(−1) = A∗MA + B∗B +
�
A∗MC + B∗D � (I − D∗D − C∗MC)−1 �D∗B + C∗MA� . (13)

If in addition the statespacerealization is uniformly controllable, thenM � 0.

As in the spectralfactorizationproblem, once a solution M of the Riccati equationis obtained,a

solution Σ of the embeddingproblem follows straightforwardly. In this respect,we mention the

time-varyingboundedreal lemmathat is connectedto the embeddingproblem:

Theorem 11. (Time-varying bounded real lemma [20]) Let T ∈ � (
�

1, � 1) be as in theorem

10, with � A,B,C,D � a uniformly controllable realization. Let A ∈ � ( & , & (−1)).
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(i) If T is uniformly observable,thenT is contractiveif and only if the setof equations'(() ((*
A∗MA + B∗B + B∗

2B2 = M(−1)

C∗MC + D∗D + D∗
21D21 = I

A∗MC + B∗D + B∗
2D21 = 0

(14)

hasa solutionM ∈ � ( & , & ), B2 ∈ � (� 1, & (−1)), D21 ∈ � (� 1, � 1) suchthat M � 0.

(ii) If T is strictly contractive,thenthere existsM � 0 andoperatorsB2, D21 thatsatisfytheequations

(14).

Exact initial points for the recursionfor M correspondingto (13) can againbe obtainedin special

casesof generalinterest,andit canbeproventhat thesolutionM̂k, obtainedby theapproximateinitial

point M̂0 = 0, will converge to the exactsolutionMk. With M solvedfrom the Riccati recursionand

B2, D21 determinedusing(14), a realizationΣΣΣ of the orthogonalembeddingΣ follows as

ΣΣΣ i =

���	 Ri

I

I


 ��� ���	 Ai Ci C2,i

Bi Di D12,i

B2,i D21,i D22,i


 ��� ���	 R−1
i+1

I

I


 ��� (15)

wherethe statetransformationRi is a factor of Mi suchthatMi = R∗
i Ri, andC2,i, D12,i andD21,i form

a unitary extensionsuchthat ΣΣΣ i is a squareand unitary matrix. � A,B2, C,D21 � is a realizationfor

Σ21, satisfyingI − T∗T = Σ∗
21Σ21. We havethusobtaineda spectralfactorizationof I − T∗T. Via this

connection,the time-varyingboundedreal lemmacanalsobe obtainedstartingfrom thepositivereal

lemma(theorems6 and7). This leadsto a variantof the abovetheoremwhich is moregeneral,as it

alsofollows that Σ21 is in fact an outeroperator.

Theorem 12. (Time-varying bounded real lemma derived from positive real lemma) LetT ∈� (
�

1, � 1) be a locally finite operatorwith a staterealization � A,B,C,D � suchthat � A < 1. Then

I − T∗T � 0 if and only if there existsa solutionM ∈ � ( & , & ) , M ≥ 0 of

M(−1) = A∗MA + B∗B +
�
A∗MC + B∗D � (I − D∗D − C∗MC)−1

�
D∗B + C∗MA� (16)

such that I − D∗D − C∗MC � 0. If in addition the realization of T is observableand [uniformly]

controllable, thenM is [uniformly] positive.

If I − T∗T � 0, let W ∈ � (� 1, � 1) be a factor of I − T∗T = W∗W. A realization � A,BW, C,DW � for W

suchthat W is outer is thengivenby the smallestsolutionM ≥ 0 of the aboveequation,and

DW = (I − D∗D − C∗MC)1/2

BW = −D−∗
W

�
D∗B + C∗MA� .

(17)

PROOF Since � A < 1, the Lyapunovequation

Λ(−1) = A∗ΛA + B∗B

hasa uniquesolutionΛ ≥ 0. By lemma2, an expressionfor I − T∗T is

I − T∗T = (I − D∗D − C∗ΛC) −
�
D∗B + C∗ΛA� Z(I − AZ)−1C − C∗(I − Z∗A∗)−1Z∗ �B∗D + A∗ΛC� .

16



The implied realizationfor the upperpart of I − T∗T neednot be controllable.Theorem7 claimsthat

I − T∗T � 0 if andonly if thereexistsa solutionP ∈ � of

P(−1) = A∗PA +
�
B∗D + A∗(Λ + P)C� (I − D∗D − C∗(Λ + P)C)−1 �D∗B + C∗(Λ + P)A�

such that I − D∗D − C∗(Λ + P)C � 0 and P ≥ 0. As a consequence,the operatorM = Λ + P is

positivesemi-definiteandsatisfiesequation(16). If therealizationof T is observableand[uniformly]

controllable,thenΛ > 0 [Λ � 0], andthe sameholdsfor M.

Theorem7 in additionshowsthattherealization� A,BW, C,DW � , with DW, BW asgivenin (17), defines

an outer factor W of I − T∗T = W∗W if M is the smallestpositivesemi-definitesolution.

9
Inner-outer factorization

A realizationof the outer factor in an inner-outer factorizationcan also be computedvia a Riccati

equation:

Theorem 13. ([17]) Let T ∈ � be a locally finite transfer operator, let T = � A,B,C,D � be an

observablerealizationof T, andassume� A < 1. Thena realizationof theouter factor T0 of T, so that

T0 = U∗T is outer andU∗U = I, is givenby

T0 =

�
I

R∗ � � A C

C∗MA + D∗B C∗MC + D∗D �
where M ≥ 0 is the solutionof maximalrank of

M(−1) = A∗MA + B∗B −
�
A∗MC + B∗D � (D∗D + C∗MC) A �D∗B + C∗MA�

and R is a minimal (full range) factor of RR∗ = (D∗D + C∗MC) A , providedthe pseudo-inverse( ⋅ ) A
is bounded.

(The pseudo-inverseis always boundedif the outer factor has closedrange, in particular if it is

invertible.) Using lemma2, and assumingT∗T � 0, one can show that, indeed,T∗T = T∗
0T0, by

deriving that the realizationsof theupperpartsareequal.With lemma2, the realizationof the upper

part of T∗
0T0 is �

A C

(D∗B + C∗MA) + C∗Λ′A (D∗D + C∗MC) + C∗Λ′C � (18)

whereΛ′ is the uniqueoperatorsatisfyingthe Lyapunovequation

Λ′(−1) = A∗Λ′A +
�
B∗D + A∗MC� (D∗D + C∗MC)−1

�
D∗B + C∗MA� .

Consequently, (Λ′ + M)(−1) = A∗(Λ′ + M)A + B∗B, so that Λ = Λ′ + M satisfiesthe Lyapunovequation

Λ(−1) = A∗ΛA + B∗B. With Λ, the realization(18) becomes�
A C

B∗D + C∗ΛA D∗D + C∗ΛC � ,

which is the samerealizationas that of the upperpart of T∗T in lemma2. Conversely, one can try

to derivetheorem13 from the spectralfactorizationtheoremvia this way, for the specialcasewhere

T∗T is invertible (theorem13 is moregeneral).
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6. CONCLUSIONS

In this paper, we have investigatedsomeof the propertiesof a Riccati equationwith time-varying

parametersandtime-varyingdimensions.By analysisof theunderlyingfundamentalproblem,in this

casetheproblemof spectralfactorization,it waspossibleto provetheexistenceof a positiveHermitian

solutionandto showhowthissolutionis connectedto theouterfactorof thefactorization.(It is, in fact,

thecontrollability Gramianof a realizationof the factor.) The relativelycleanderivationof this result

was greatly enhancedby the useof a recentlydevelopedindex-freenotationand the corresponding

realizationtheoryfor time-varyingsystems.Via theconnectionwith spectralfactorization,it wasalso

possibleto give a straightforwardproof of convergenceof the recursion,from an approximateinitial

point to the exactsolution. The convergencepropertyis instrumentalin practicalapplications,e.g.,

in caseswhere the staterealizationof a positiveoperatoris known only on a finite interval, and a

spectralfactor of this operatorshouldbe computed. Such applicationswill be studiedto a larger

extendin future publications.

A. Proof of theorem 7

In this appendix,we will give the proof of theorem7. In order to relax the observabilitycondition,

we first mentionsomepropertieson realizationsof an outeroperatorandits inverse.

Proposition 14. Let T ∈ � (
�

,
�

) be an outer invertible operator, with state realization T =� A,B,C,D � . Then S = T−1 ∈ � (
�

,
�

) has a state realization given by (9). Moreover, T is

[uniformly] controllable if and only if S is [uniformly] controllable, T is [uniformly] observableif

and only if S is [uniformly] observable.Let A× = A − CD−1B. If � A < 1 and T is controllable or

observable,then � A× < 1.

PROOF The modelof S wasderivedin lemma3). To provethe remainingproperties,let

⋅ T 2 3
2Z−1 = KT + HT : ⋅ HT = P( ⋅ T 2 3

2Z−1) ; ⋅ KT = P 3
2Z−1( ⋅ T 2 3

2Z−1) .

The HankeloperatorHT hasa factorizationin termsof the controllability andobservabilityoperators

F and F0 defined in (6) as HT = P0( ⋅ F∗) F0. Partition u ∈ �B�2 into a past and a future part:

u = up + uf ∈ � 2Z−1 ⊕ � 2, andpartitiony likewise. Then

y = uT ⇔ '(() ((*
yp = upKT

x[0] = P0(upF∗)

yf = ufT + x[0]F0

BecauseT is invertible in � , KT is invertible,andhence,the abovesetof equationsis equivalentto

u = yS ⇔ '(() ((*
up = ypK−1

T

x[0] = P0(ypK−1
T F∗)

uf = yfT−1 − x[0]F0T−1

It follows that S hascontrollability andobservabilityoperatorsgivenby

FS = FK−∗
T , F0,S = −F0T−1 .
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Theseoperatorsinherit the one-to-oneand onto propertiesof the controllability and observability

operatorsof T.

Finally, to showthat � A× < 1 if � A < 1 andΛF > 0 or ΛF0 > 0, we invoke the following extensionof a

resultprovenin [18, lemma3.18]: If ΛF > 0, then

F is boundedon � 2 ⇔ � A < 1 .

Applying this result twice yields, if ΛF > 0,� A < 1 ⇒ F boundedon � 2 ⇒ FS boundedon � 2 ⇒ � ×A < 1 .

A similar resultholdsif ΛF0 > 0.

9
We arenow in a positionto provetheorem7, i.e., theorem6 without the observabilityconstraint.

PROOF of theorem7. We will first transformthegiven realizationinto onethat is observable.Factor

the observabilityGramianΛF0 of the given realizationas

ΛF0 = X∗

�
Λ11

0 � X,

whereX is an invertible statetransformationandΛ11 > 0. Applying X−1 asstatetransformationto T

leadsto a realizationT′ = � A′, B′, C′, D � givenby�
A′ C′

B′ D � =

�
X−∗

I � � A C

B D � � X∗(−1)

I � .

PartitionA′, B′, C′ conformthe partitioningof Λ. It follows that

A′ =

�
A11 A12

0 A22 � , B′ = [ B1 B2 ] , C′ =

�
C1

0 � .

The subsystem� A11, B1, C1, D � is an observablerealizationof T, with � A11 < 1.

SupposeP is a Hermitiansolutionof

P(−1) = A′∗PA′ + C B′∗ − A′∗PC′ D (D + D∗ − C′∗PC′)−1 C B′ − C′∗PA′ D (19)

PartitionP conformablyto the partitioningof A: P =
� P11 P12
P∗

12 P22
� . Then equation(19) is equivalentto

the threeequations

(a) P(−1)
11 = A∗

11P11A11 +
�
B∗

1 − A∗
11P11C1 � (D + D∗ − C∗

1P11C1)−1
�
B1 − C∗

1P11A11�
(b) P(−1)

12 = (A×
11)

∗P12A22 + A∗
11P11A12 +

�
B∗

1 − A∗
11P11C1 � (D + D∗ − C∗

1P11C1)−1
�
B2 − C∗

1P11A12�
(c) P(−1)

22 = A∗
22P22A22 + A∗

12P11A12 + A∗
12P12A22 + A∗

22P
∗
12A12+

+
�
B∗

2 − (A∗
12P11 + A∗

22P
∗
12)C1 � (D + D∗ − C∗

1P11C1)−1
�
B2 − C∗

1(P11A12 + P12A22) �
whereA×

11 := A11 − C1(D + D∗ − C∗
1P11C1)−1

�
B1 − C∗

1P11A11� .
19



According to theorem6, the first equationhassolutionsP11 ≥ 0 suchthat D + D∗ − C∗
1P11C1 � 0, if

andonly if T + T∗ � 0. TakeP11 to be the smallestpositivesolution,thenW is outerandthe hasan

observablerealization � A11, BW1, C1, DW � with DW andB1W givenby

D∗
WDW = D + D∗ − C∗

1P11C1

B1W = D−∗
W

�
B1 − C∗

1P11A11� .

Accordingto proposition14, W−1 hasa realizationwith A-operatorgivenby A×
11 = A11 − C1D−1

W B1W =

A11−C1(D+D∗ −C∗
1P11C1)−1

�
B1 − C∗

1P11A11� , andsatisfying� A×
11

< 1 (since� A11 < 1 andtherealization

of W is observable).The secondequationis a kind of Lyapunovequationin P12, as only the first

term of the right-handside is dependenton P12. Given P11, it hasa uniqueboundedsolutionsince� A×
11

< 1 and � A22 < 1. The lastequationis a Lyapunovequationin P22, andalsohasa uniquebounded

solution.

Also notethat D + D∗ − C∗
1P11C1 = D + D∗ − C′∗PC′. Hencewe showed

T + T∗ � 0 ⇔ ∃ P satisfying(19), suchthat D + D∗ − C′∗PC′ � 0 .

The latter also implies P ≥ 0. With Λ = X−1PX−∗, Λ is in fact independentof the chosenstate

transformationX andsatisfiesthe statementsof the theorem.

The realization of W can be extendedto a non-minimal one that is specified in terms of P as� A′, B′
W, C′, DW � , where the newly introducedquantity B′

W is given by B′
W = D−∗

W C B′ − C′∗PA′ D =

[B1W B2W], for a certain B2W. Upon state-transformingthis realization by X, we obtain a re-

alization of W as � A,BW, C,DW � , where DW is as before, and BW is specifiedin terms of Λ as

BW = B′
WX−∗(−1) = D−∗

W (B − C∗ΛA).
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B. Convergence of the Riccati recursion (12)

In thissection,we studytheconvergenceof anapproximatesolutionΛ̂k (k ≥ 0) to theRiccatirecursion

(12), if the recursionis startedwith Λ̂0 = 0 rather than the exact initial point Λ0. It is shownthat

Λ̂k → Λk for k → ∞, whenΩ � 0, � A < 1 andthe given realizationis observable.Similar resultsare

well known for the time-invariantcase,and for the time-varyingcasesomeresultsare known from

the connectionof the Riccati recursionwith Kalman filtering (cf. [1, 5]). However, the derivation

given below is more generalbecausestatedimensionsare allowedto vary, and henceAk cannotbe

assumedto be squareandinvertible,asrequiredin [1].

Considerthe following block decompositionof the matrix representationof Ω = W∗W, anda related

operatorΩ̂ = Ŵ∗Ŵ:

Ω =

���	 Ω11 Ω12 Ω13

Ω∗
12 Ω22 Ω23

Ω∗
13 Ω∗

23 Ω33


 ��� , W =

���	 W11 W12 W13

W22 W23

W33


 ���
Ω̂ =

���	 Ω11 0 0

0 Ω22 Ω23

0 Ω∗
23 Ω33


 ��� , Ŵ =

���	 Ŵ11 0 0

Ŵ22 Ŵ23

Ŵ33


 ��� .

(20)
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In thesedecompositions,2 Ω11 correspondsto [Ωi,j ]−1
−∞, Ω22 = [Ωi,j ]n−1

0 is a finite n × n matrix (where

n is someintegerto be specifiedlater), andΩ33 correspondsto [Ωi,j ]∞
n . The point of introducingthe

operatorΩ̂ is that Λ̂0 = 0 is the exact (and smallestpositive) initial point of the Riccati recursion

(12) for a spectralfactorizationof the lower right part of Ω̂, and leadsto an outerspectralfactor Ŵ

suchthat Ω̂ = Ŵ∗Ŵ, of which only the lower right part is computed.This is seenby puttingA−1 = 0,

B−1 = 0 in theRiccati recursionfor Λ, which leadsto Λ̂0 = 0. Theconvergenceof Λ̂k to Λk is studied

from this observation.

As a preliminarystep,the following lemmaconsidersa specialcaseof the aboveΩ.

Lemma 15. Let be givenan operatorΩ ∈ � , Ω � 0, with block decomposition

Ω =

���	 Ω11 Ω12 0

Ω∗
12 Ω22 Ω23

0 Ω∗
23 Ω33


 ���
where Ω22 is an n × n matrix. Let the uppertriangular part of Ω be locally finite and strictly stable.

Then

(Ω−1)33 → (Ω33 − Ω∗
23Ω−1

22Ω23)
−1 as n → ∞

(strongconvergence).Hence(Ω−1)33 → (Ω̂−1)33, where Ω̂ is equalto Ω, but with Ω̂12 = 0.

PROOF Let � A,B,C,D � bea realizationof theuppertriangularpartof Ω with � A < 1. Let Ω12 = E 1 1,

Ω23 = E 2 2, where

E 1 =

������	 ...

B−3A−2A−1

B−2A−1

B−1


 ������ , E 2 =

���������	 B0A1

�
�
 An−1

...

Bn−3An−2An−1

Bn−2An−1

Bn−1


 ��������� ,

1 = [ C0 A0C1 A0A1C2

�
�
 A0


�
�
 An−2Cn−1 ]

2 = [ Cn AnCn+1 AnAn+1Cn+2

�
�
 ] .

Then 1E 2 is a summationof n terms,eachcontaininga productA0

�
�
 Ai−1 andaproductAi+1


�
�
 An−1.

Because� A < 1 impliesthatproductsof the form Ak

�
�
 Ak+n → 0 asn → ∞ stronglyanduniformly in

k, we obtain 1 E 2 → 0 if n → ∞.

Write X3 = (Ω−1)33. By repeateduseof Schur’s inversionformula,X3 is givenby the recursion

X1 = Ω−1
11 , Xk+1 = (Ωk+1,k+1 − Ω∗

k,k+1 Xk Ωk,k+1)
−1 . (21)

We first considera specialcase,whereΩk,k = I (k = 1, 2, 3). In the derivationbelow, we, for ease

of discussion,assumethat also k
∗
k = I, i.e., the realizationis uniformly observableand in output

normal form, althoughthis is not an essentialrequirement.The recursion(21) becomes

Yk = E ∗
kXk E k

Xk+1 = (I − ∗
kYk k)−1 = I + ∗

k

�
Yk + Y2

k + 
�
�
 � k ,

2The underscoreis usedin this sectionto denotethat we takeblock submatricesratherthanentriesof Ω.

21



so that, in particular,

Y2 = E ∗
2E 2 + E ∗

2
∗
1 CY1(I − Y1)−1 D

1E 2 .

For largen, Y2 → E ∗
2E 2 andbecomesindependentof Y1 and E 1, and

X3 → (I − ∗
2 E ∗

2 E 2 2)−1 = (Ω33 − Ω∗
23Ω−1

22Ω23)
−1

independentlyof E 1. The expressionon the right-handside is the sameas the value obtainedforE 1 = 0, i.e., Ω12 = 0.

The generalcasereducesto the abovespecialcaseby a pre- andpost-multiplicationby���	 Ω−1/2
11

Ω−1/2
22

Ω−1/2
33


���� .

This mapsΩk,k to I, E k to Ω−1/2
k,k E k, and k to kΩ−1/2

k+1,k+1. The latter two mappingsleadto realizations

with differentBi andCi , but the Ai remainthe same,and in particularthe convergencepropertiesofE 2 1 remainunchanged.It follows that (Ω−1)33 → (Ω33 − Ω∗
23Ω−1

22Ω23)−1 alsoin the generalcase.
9

We now returnto the spectralfactorizationproblem,with Ω givenasin (20).

Proposition 16. Let Ω ∈ � , Ω � 0 havean uppertriangular part which is locally finite andgiven

by an observablerealization � A,B,C,D � where � A < 1. Let Λ ∈ � bethesmallestpositivesolutionof

(11) so that its entriesΛn satisfythe recursiveRiccati equation(12). Let Λ̂n (n ≥ 0) be the sequence

obtainedfrom the samerecursion,but starting from Λ̂0 = 0.

ThenΛ̂n → Λn as n → ∞ (strongconvergence).

PROOF Let Ω, Ω̂ haveblock decompositionsasin (20), whereΩ22 is an n× n matrix. Let Ω = W∗W,

Ω̂ = Ŵ∗Ŵ, whereW,Ŵ are outer spectralfactors, then Λ, Λ̂ are the controllability Gramiansof the

realizationof W, Ŵ given in corollary 9. Denote

W12 = E W,1 1

W23 = E W,2 2

W13 = E W,1A0A1

�
�
 An−1 2 .

Because� A < 1, we havethatW13 → 0 asn → ∞ (strongly),so that for largeenoughn, Λn ≈ E ∗
W,2E W,2

andhence
Ω33 = W∗

33W33 + W∗
23W23 + W∗

13W13

≈ W∗
33W33 + ∗

2Λn 2 .

Consequently, ∗
2(Λn−Λ̂n) 2 ≈ Ŵ∗

33Ŵ33−W∗
33W33. Thenextstepis to showthatŴ∗

33Ŵ33−W∗
33W33 → 0

for large n, so that, if the realizationis observable,̂Λn → Λn.

Let X3 = (W∗
33W33)−1, andX̂3 = (Ŵ∗

33Ŵ33)−1. SinceΩ−1 = W−1W−∗, andW is outerso thatW−1 ∈ � , it

follows thatX3 = (Ω−1)33 andX̂3 = (Ω̂−1)33. Lemma15 provesthat, if � A < 1, then(Ω−1)33 → (Ω̂−1)33

asn → ∞, so that X3 → X̂3, andhenceΛ̂n → Λn.

9
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Finally, we remarkthat alwaysΛ̂k ≤ Λk. This is a consequenceof the fact that

Λ̂k ≤ Λk ⇒ Λ̂k+1 ≤ Λk+1 , (22)

which can be provendirectly from the Riccati recursion(12) in a way similar to [5, ch. 9]. Indeed,

let the matrix GX,Λk be given by

GX,Λk =

�
X − A∗

kΛkAk Bk − C∗
kΛkAk

B∗
k − A∗

kΛkCk Dk − C∗
kΛkCk � =

�
X Bk

B∗
k Dk � −

�
A∗

k

C∗
k � Λk [ Ak Ck ] ,

parameterizedby somematrixX = X∗. UsingSchur’scomplements,it follows that, if Dk−C∗
kΛkCk > 0,

then

GX,Λk ≥ 0 ⇒ X − A∗
kΛkAk −

�
B∗

k − A∗
kΛCk � (Dk − C∗

kΛkCk)−1
�
Bk − C∗

kΛkAk � ≥ 0 .

HenceΛk+1 = min � X : GX,Λk ≥ 0 � . But if Λ̂k ≤ Λk, then GΛk+1,Λ̂k ≥ GΛk+1,Λk ≥ 0. It follows that

Λk+1 ≥ Λ̂k+1, sinceΛ̂k+1 is thesmallestmatrix X for which GX,Λ̂k ≥ 0. This proof alsosupplementsthe

remarkmadein section4 that the ‘smallestsolution’ is well defined: if Λ k is the smallestsolutionat

onepoint, the resultingdiagonaloperatorΛ is the smallestsolutionat all points.
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