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The constant modul us of many types of communication signalsisarobust property for blind
source separation and equalization. In this chapter, we discuss algebraic methods that use
this constant modulus property to blindly compute separating beamformers from instanta-
neous mixtures of such sources, needing only a small number of observations.

5.1 Introduction

Constant modulus algorithms (CMAS) enjoy widespread popularity as methods for blind
source separation and equalization of communicationsignals. Asatypical application, con-
sider a wireless scenario in which a number of users are broadcasting signals at the same
frequency at the same time. The signals received at a base station will be some superposi-
tion of the transmitted sources. If the base station is equiped with multiple antennas, then
itislikely that each antennawill receive a different combination of the signals. By linearly
combining the antenna outputs, the objective is to separate the signals and to receive each
of them while suppressing interference from the other signals. The task of the blind beam-
former isto compute the proper linear combinations from the measured data only, without
detailed knowledge of the signals or the channel.

Mathematically, the situation is described by the simple and well-known datamodel (af -
ter sampling and baseband conversion)

x(K) = As(K) (5.1.1)
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Figure5.1. Blind beamforming scenario

where the vector x(k) is a stacking of the m antenna outputs x; (k) at discretetimek, s(k) is
astacking of the d source signals s (k), and A is the array response matrix which describes
the linear combinations of the signals as received by the antennas. This model is a reason-
ably accurate description for stationary propagation environments in which the multipath
has only a short delay spread (as compared to the inverse of the signal bandwidths), so that
no equalization isrequired. The beamforming problem isto find weight vectorsw;, onefor
each source, such that wix(k) = s(k) isequal to one of the original sources, without inter-
ference from the others. (- denotes acomplex conjugatetranspose.) Equivalently, wetry to
find A and then a pseudo-inverse of it such that W-A = |. The columns of W are equal to
the w;.

Although we will be concerned with blind beamforming, it is useful to note that a
quite similar problem arisesin the context of blind equalization of a single source observed
through an unknown time-dispersive FIR channel. In that situation, the received signal x(k)
isalinear combination of shiftsof theoriginal sources(k). By feeding x(k) through atapped
delay line, we can construct avector of received signalsand wewill arrive at the same model
as(5.1.1), beit with more structuresince s (k) = s(k—i) and x; (k) = x(k—i). Another aspect
that distinguishes blind equalization from blind beamforming is that in the latter we try to
receive all independent sources.

Originally, most blind beamforming algorithms have been focusing on properties of A.
For example, direction finding algorithms assume that the columns of A are vectors on the
array manifold, each associated to a certain direction-of-arrival (DOA). By finding these
directions, we obtain an estimate of A, and subsequently we can construct a beamformer W
to separate the sources. This approach requires a calibrated array, and a scenario with very
limited multipath propagation (since all DOASs have to be estimated).

A second class of approaches, more promising in the presence of unstructured multipath
and useful in the context of blind equalization as well, exploits structural properties of the
source vector that should hold and be reconstructed by the beamformer. One widely used
property, and the property considered here, isthe constant modul us of many communication
signals (e.g. FM and PM in the analog domain, and FSK, PSK, 4-QAM for digital signals).
For such signals, the amplitude |s(k)| is a constant, typically normalized to 1, and al infor-
mationiscarried in the phase. A related but distinct property isthe finite al phabet of digital
signals, for examplefor a BPSK source s(k) = 1. Theidea of modulusrestoral isto play
with the weights of a beamformer w until the output §(k) = w™x(k) has the same property,
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IS(k)] = 1, for dl k. If that is the case, the output signal will be equal to one of the original
sources [44)].

Iterative CMAs A popular implementation of such property restoral algorithmsisfound
by writing down asuitabl e cost function and minimizing it using stochasti ¢ gradient-descent
techniques. For example, for a sample vector x we can consider as cost function the ex-
pected deviation of the squared modulus of the output signal w"x to a constant, say 1:

v = E(WwXP-1)2.

The corresponding so-called CMA(2,2) stochastic gradient-descent algorithmto find amin-
imizer w is given by theiteration

wktD = wl - pxxHv® (w2 - 1)

wherepisasmall step size. Thevector x isusually takento be equal to asamplevector x(k),
inwhich case we obtain an adaptive LM S-typea gorithm, but it isalso possibleto revisit the
data. Inany case, we need to select asuitable step sizep and aninitial point w(® for theiter-
ation. Thistype of ideas for modulus restoral hasits rootsin the work of Sato [38], Godard
[17], and Treichler, Agee, and Larimore [44], [28], al for the purpose of blind equalization.
See [26] for arecent review. The application of the CMA to blind beamforming is straight-
forward and was first considered in [45], [19] (see also [40]); a combined spatio-temporal
CMA was proposed in [20].

A second type of algorithms are block-iterative. We consider a block of data X =

[x(1),---, x(n)] and try to find w and s that minimize
min WX -s|, st |sk]=1,k=1,-,n. (5.1.2)
where || - || isthe vector 2-norm. Optimizing jointly over w and sis hard. However, given

w, wecan easily minimizeover swith w fixed: thesolution isto takew"X and project it onto
the set of constant modulussignalsby dividing entrywise by the moduli, using the projection

operator
_[s@ . sn)
Pou(s) = [|s<1)|’ ! |s<n)|] ‘

Similarly, if sis kept fixed, we can optimize over w and find the Least Squares solution
wH=sXT, where t denotes the Moore-Penrose pseudo-inverse. Given an initial point w(©,
we thus obtain the following two-step block-iteration:

SKFD = Py (WX
[W(k+1)EI — S(ﬁﬁng ) (5.1.3)

Note that skt = Pgy (s¥XTX) where XTX is a projection onto the row span of X: the
iteration isrecognized as an Alternating Projection algorithm. It isknown asthe Gerchberg-
Saxton algorithm (GSA), a well-established algorithm in the field of optics for solving the
phase-retrieval problem[16]. Itisclosely connected to several variantsof the CMA iteration
(theOCMA [19] and the LSCMA [2]), except that it iterates on blocksrather thanindividual
vectors.
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Limitations of iterative CMAs A complication with the above iterative CMAsis that
they find only asingleweight vector, henceonly asingle signal will berecovered. It depends
ontheinitialization of w(% to which one we convergeto. Thisissufficient in the context of
equalization where all signals are equal up to ashift, but for blind beamforming, we would
liketo recover al independent signals. Oneideaistoredotheiteration witharangeof initial
points. The problem with thisis that we might converge to the same solution: we have to
verify that the resulting signals are indeed independent, and there is no good way to know
that we havefound all CM signalspresent in the data. Several solutions have been proposed
for this. For example, once signal s;(k) isfound, we can try to remove it from the data by
estimating its corresponding response vector a;, and continue with the residual x — &;5;.
Thisisthe strategy followed by the CM Array algorithm [40], [33], [27] and more recently
in the context of CDMA by Parallel/Serial Interference Cancellation (PIC/SIC) algorithms,
of which there are many variants. Another remedy is to augment the cost function with
aterm expressing independence [36], [35]. In both cases, several hundreds of samples are
usually needed before convergenceis satisfactory. (Thisnumber may bereducedif the same
dataisrevisited.)

A further complicationin finding all independent solutionsisthat, if the number of sen-
sorsis larger than the number of sources, there exist vectors wg in the left null space of A
such that ng = 0. Thesevectors can be added to any solution w without changing the out-
put signal. It isthus possible that independent beamforming vectors give rise to the same
output signals, and hence it is not sufficient to require the independence of the w.

Iterative CMAs are straightforward to implement and computationally of modest com-
plexity. They can however convergeslowly, with unpredictabl e convergence speed, and the
recovering of al independent sources remains a problem. It is thusinteresting to note that
the problem admits an elegant and algebraic solution. Thisisthe Algebraic CMA (ACMA),
and the topic of this chapter.

ACMA The ACMA wasintroduced in [50]. In this paper, it was noted that in the noise-
free case the callection of d beamformersfor all individual signals can be computed exactly
and algebraically, asthe solution of ageneralized eigenvalue problem. Only alimited num-
ber of samples is needed: for d signals, it is sufficient to have n > d? samples. Also the
number of CM signals can be detected.

The algorithm is derived by setting up the equations for the weight vector w such that
w-X isaCM signal. This gives n quadratic equations in the entries of w. Using properties
of Kronecker products, the problem can be formulated as an overdetermined linear system
subject to a quadratic structural constraint. The linear system can be solved, and leadsto a
d-dimensional basis of solutions on which we have to apply the structural constraint. This
can then be formulated as a generalization of an eigenvalue problem: the simultaneous di-
agonalization of a number of matrices.

Anillustration of the performance of ACMA on experimental data[50] isshownin fig-
ure 5.2. The sources are six FM modulated analog speech/music signals, occupying the
same subband of 25 kHz in the 900 Mhz band, and broadcast at different locations at a
rooftop. The receiving antenna array consists of m = 6 omnidirectional antennas, with
a maximal baseline of 2.5m. The signal-to-noise ratio is around 17 dB per antenna per



Section 5.2. Preliminaries 5

Performance of ACMA
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Figure5.2. Residual signal-to-interferenceratio after blind beamforming of a mixture of d
signalsusing ACMA.

source, and the sources have roughly equal powers. The figure shows the worst signal-to-
interference ratio (SIR) among the signal s after beamforming, as a function of the number
of samplesthat have been used, and for a varying number of sources. It is seen that only a
small number of samples are required (order 2d? or so) to give a good separation of all d
sources, even though some of the sources are only spaced by 1.5°.

Outline of the chapter Section 5.3 provides a compact derivation of the origina
ACMA. Wethen analyze the noise-free properties (section 5.4) and asymptotic propertiesof
the algorithm, discussits connection to the related JADE a gorithm, and show that ACMA
converges to the Wiener solution (section 5.6). We also derive a Weighted ACMA which
approximately converges to the zero-forcing solution (section 5.7), and compare ACMA,
WACMA and JADE in simulations (section 5.9). Section 5.8 considers a specialization to
binary sources. Finally, section 5.10 goesinto more detail son simultaneous diagonalization
algorithms.

5.2 Preliminaries

Data model and assumptions

Starting fromthe datamodel xx = As, let usassumethat we have collected n samplevectors.
If we store the samples in an mxn matrix X = [X1,---, Xn], then we obtain that X has a
factorization

X =AS (5.2.1)
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where the rows of SOC " contain the samples of the source signals. All sources are as-

sumed to be constant modulus, |Sj| = 1. Note that the source powers are absorbed in A.

In the blind signal separation scenario, both A and Sare unknown, and the objectiveis,
given X, to find the factorization X = ASsuch that |Sj| = 1. Alternatively, wetry tofind a
beamforming matrix W O C ™d of full row rank d such that S=WEX. For thisleft inverse
WV of Ato exist, it immediately follows that we need A to have full rank d, and m=>d. We
alsorequiretherowsof Sto belinearly independent. Aswill become clear in the derivation
of the algorithm, we will not really need stochastic independence of the sources, but some
form of persistence of excitation should hold. The algorithm will also require that n> d?.

As in other blind source separation problems, it is clear that we can recover A and S
only up to apermutation of the sources, and up to acomplex unimodul ar diagonal (sincethe
initial phases of the sources does not follow from the data, these factors can be exchanged
between Aand S). Thisisprecisely theindeterminacy of the eigenval ue problem fromwhich
the beamformers will be derived.

In the presence of additive noise, we write Xx = As¢ + n, or

X =AS+N. (5.2.2)

We use thetilde (™) to denote variables derived from the noisy data. The noiseis assumed
to be additive, temporally i.i.d., zero mean, circularly symmetric, with finite covariance
E(nn") and fourth-order moments, and independent from the sources.

Identifiability We will assume that the problem is essentially identifiable, i.e., that for a
given matrix X of size mxn, we can find afactorization X = AS(|Sj| = 1) which isunique
up to the above-mentioned indeterminacies. Minimal conditions that guarantee thisidenti-
fiability are not completely known. For n — oo, it is sufficient to have A full column rank
and Sgenerated by statistically independent signals: in this case the CM cost function has
unique global minimacorresponding to separating beamformers[44]. By counting the num-
ber of equations and unknowns (a not completely convincing argument), it is motivated in
[50] that identifiability is expected for n = 2d and sufficiently exciting signals. The ACMA
requiresm=d and n > d2. Finally, for BPSK signals (and other discrete al phabets), it was
established in [42] that the factorization is essentially unique once all constellation vectors
have been received.

Additional notation Overbar (*) denotescomplex conjugation, T isthe matrix transpose,
Ythe matrix complex conjugate transpose, T the matrix pseudo-inverse (Moore-Penrosein-
verse). 0 and 1 are vectorsfor which all entries are equal to 0 and 1, respectively.

O isthe Kronecker product, o is the Khatri-Rao product, which is a column-wise Kro-
necker product:

a;1B apB
AOB = azB  ax»B ,
AoB = [a1Db1 ax0by ]

vec(A) indicates a stacking of the columns of amatrix A into a vector. Notable properties
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are:
vec(ABC) = (CTOA)vec(B)
(AOB)(COD) = ACOBD
vec(ab®) = bOa.

For ad xd Hermitian matrix Y, an alternative vectorization that leadsto areal-valued result
is provided by the vech( -) operator, defined as

Yii » i=]j
y’ :VeCh(Y) ind y,(i—l)d+j = { real(ylj)\/z7 [ < J IaJ = 1:"'5d' (523)
imag(yji)v2, i>]

This vectorization follows from vec(Y) by combining entries yij and yji = ¥;; to produce
thereal and imaginary part of y;j. Thedefinitionissuch that ||vech(Y)|| = ||vec(Y)|| for any
Hermitian Y, and hence there exists a unitary matrix J such that vech(Y) = Jvec(Y).

Zero-Forcing and Wiener receivers

Before we look at blind beamforming algorithms, it is good to recall what beamforming
solutions we would prefer if either A or Sisknown. In the noisefree case, we have a data
model X = AS, and we would like abeamformer W such that W-X = S. If Aisknown, then
we set

WI=AT  s=wHX
whereasif Sisknown, for example because of a training segment, then we take
wl=sxt,  A=wHT.

In both cases, we obtain abeamformer which exactly cancelsall interference, i.e., WFA =1.
Inthe presence of additive noise, wehave X = AS+ N. Two typesof linear |east-squares
(LS) miminization problems can now be considered: either based on minimizing the mod-

eling error,
min IX-AS|2 st.conditionson (A,S), (5.2.4)

or based on minimizing the output error,

min IWEX =92 st. conditionson (W, S). (5.2.5)

The conditionson A or W and Sare those posed by the blind identification problem at hand.
Inthe CM case, we have the condition that all |Sj| = 1.

The minimization problems are straightforward to solveif either A or Sisknown. Inthe
first formulation, if Sisknown,

A= argmin || X-AS||Z2 = XS (5.2.6)
A
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Asymptotically for zero mean noise independent of the sources, thisgives A — A: we con-
vergeto the true A-matrix. For aknown A, the estimate of Sfollowsfrom

S=argmin || X-AS||2 = ATX (5.2.7)
S

with corresponding beamformer W = (AN)Y. This is also known as the zero-forcing (ZF)
beamformer, because WEA = |: all interfering sources are cancelled. The ZF beamformer
maximizes the Signal-to-Interference power Ratio (SIR) at the output.

The second optimization problem minimizes the difference of the output signalsto S

WY = argmin || WX - S||2 = sXT. (5.2.8)
W

Note that X = XHU(XX) 1, so that
Wo=1sXHIXXDT = RURE.

Ry := 2 XXUisthe sampledata covariance matrix, and Res := £ (XS") convergesto A. Hence
asymptotically
W - RIA

which is recognized as the Linear Minimum Mean Square Error (LMMSE) or Wiener re-
ceiver. Thisbeamformer isknown to maximizethe Signal-to-Interference-plus-NoiseRatio
(SINR) at the output. Since it does not cancel al interference, W-A # |, the output source
estimates are not unbiased. However, it produces estimates of Swith minimal deviation,
which is often more relevant.

Block-iterative CMAs From the preceding equations, it is straightforward to derive
other block-iterative CMAs. Indeed, given either an initial estimate A or W(©, we can
follow the fixed-point iterations corresponding to (5.2.6), (5.2.7) and (5.2.8)

gkr = aAlTX gk = w®OK
Sk = Pep(SW) or skt = Pey (V) (5.2.9)
A(k+1) _ )‘(’S(k+1)1' W(k+1)D — S(k+1))~(T

Given sufficiently accurateinitial points, the former algorithm will convergeto the ZF solu-
tion. Thelatter algorithm should convergeto the Wiener solution, and is an extension of the
alternating projection algorithm in (5.1.3). Computationally, it is more attractive than the
former iteration, because X has to be inverted only once. However, the algorithm has the
problem that it does not guarantee that the rows of Swill be independent: it is possible that
we will find the same signal several times. Thisis agenera problem with the formulation
min||W2X - SJE.

Whitening and rank reduction

In the noise-free case with less sources than sensors, X = ASisrank deficient: itsrank is
d (the number of signals) rather than m (the number of sensors). As a consequence, once
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we have found a beamformer w such that wPX = s, one of the source signals, then we can
add any vector wg such that WEX = 0 tow, and obtain the same output. The beamforming
solutions are not unique.

Thedesired beamforming solutionsare all in the column span of A. Indeed, any compo-
nent orthogonal to this span will not contribute at the output. The most easy way to ensure
that our solutions will be in this span is by performing a dimension-reducing prefiltering.
Let F beany mxd matrix such that span(F) = span(A). Then al beamforming matricesW
in the column span of A are given by

W=FT

where T isad xd matrix, nonsingular if the beamformers are linearly independent. The
prefiltered data matrix is X := FEX. We will use the underscore ( _) to denote prefiltered
variables. Thus, the prefiltered noisy data matrix is

X:=F¥X

with structure N
X =AS+N, where A:=F"A, N:=F"™N.

X has only d channels, and is such that W=X = TEX. Thus, the columns of T are d-
dimensional beamformers on the prefiltered data X, and for any choice of T the columns
of the effective beamformer W are al in the column span of A, as desired.
To describe the column span of A, introduce the “economy-size” singular val ue decom-
position of A,
A=UaZaVa

where we take Ua : mx d with orthonormal columns, 24 : d x d diagona containing the
nonzero singular values of A, and Va : d xd unitary. Also let UY be the orthonormal com-
plement of Ua. The columns of Up are an orthonormal basis of the column span of A. The
point is that even if Aisunknown, Up can be estimated from the data, as described bel ow.

We assume that the noiseis spatially white, with covariance matrix 021 Let Ry = 2XX"
be the noisy sample data covariance matrix, with eigenval ue decomposition

R« = UZ?U". (5.2.10)

Here, U ismxmunitary, and Z ismxmdiagonal. Let uscollectthed largest eigenvaluesinto
adiagonal matrix >2, and collect the corresponding d eigenvectorsintoU. Asymptotically,
Ry satisfies Ry = AAT+ 62l with eigenval ue decomposition

Ry = UaZ3UR+ 0%l = Ua(32 4 0?)UL + c?UUL". (5.2.11)

It follows that US20™ = Ua(23 + 021)UY, so that U is an asymptotically unbiased estimate
of Ua.

Even if we choose F to have the column span of U, there is freedom left. It will follow
later in section 5.5 that a natural choice will be to combine the dimension reduction with a

1We use = to denote asymptotic equality.
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Figure5.3. Blind beamforming prefiltering structure

whitening of the data covariance matrix, i.e., such that R, := 1 XX becomes unity: R, = I.
Thisisachieved if we define F as .
F=U31. (5.2.12)

If the noiseis colored with covariance matrix 02R,, where we know R, but perhaps not the

noise power 62, then we first whiten the noise by computing Rﬁl/ 2>~(, and continue asin the
white noise case. The resulting prewhitening/dimension reducing filter is

F=R,72057.

The structure of the resulting beamformer is shown in figure 5.3. Incidentally, note that
the fact that with finite samples the column span of F only approximatesthat of A does not
introduce a bias: aslong as A= F"A has full rank d it can be inverted by some TY, and a
perfect zero-forcing beamformer still exists.

Sometimes dightly different prefilters are used. In some blind source separating algo-
rithmswhichtry to estimate A, the SVD of AisintroducedasA=UaZaVa, anditisremarked
that the factorsUa and 2 can be estimated from the eigendecomposion of the data covari-
ance matrix, since asymptotically (5.2.11) holds: Up = U and Za = (32-021)Y/2. For this
it isalso necessary to have an estimate of the noise power, but if d < mit can be estimated
from the smallest eigenvalues of R,. If we thus take the prefiltered data matrix to be

[I>2

=F%, F=U0@32-0%)"? (5.2.13)

then asymptotically g = VaS+ N, and the search for A can berestricted to the search for a
unitary matrix Va. For finite data, this asymptotic result is not yet valid, and the restriction
leadsto abias.

5.3 Derivation of the ACMA

Outline

We derive the basic ACMA algorithm for the noiseless case. The objective is to find all
independent beamforming vectorsw that reconstruct a signal with a constant modulus, i.e.,

WDX:S7 SJChthaI |S,(|2=l (kzla"'an)'
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Let xi be the k-th column of X. By substitution, we find
Wi dw = 1, k=1,---,n. (5.3.1)

Thus, there are n equations, and each equation is quadratic in the entries of w. Thisis not
an easy problem, but it becomes more manageable if we write the unknowns on one side.
Thisis possible using properties of Kronecker products, in particular

WHX X)W = (X O xi) H(W O w)
Thus define _
(X1 Oxp)"
P:=[XoX]"= :
(Xn O %p)"
(P:nxd?). Then (5.3.1) isequivaent to finding all w that satisfy
Py=1, y=wlOw.

We have converted the problem into alinear system of equations, subject to aquadratic con-
straint. Thelinear system is overdetermined once n> d?, and we will assumethat thisisthe
case.

In genera outline, the ACMA technique solves this problem by the following steps:

1. Firstsolvethelinear systemPy = 1. Notethat there are several independent solutions
tothelinear system. Indeed, if we have d sources, then there exist at least d solutions
w; Ow; (i = 1,---,d), one for each source. But also a linear combination of these
solutions

y = A1(W1 Owa) + -4 Ag(Wg O Wy)

(scaled such that 5 Aj = 1) will solve Py = 1. Thus, if we select an arbitrary basis
{y1,-++,yq} of independent solutions of the linear system Py = 1, we cannot expect
to havefound the desired structured solutionsw; O w;, but rather unknown linear com-
binations of these.

2. Decouple: find astructured basis{w; 0wy, ---,Wq Owg} that spans the same linear
subspaceas{yi, --,Yq}. Since
wi O w; = vec(wiwH)
we can associate to each structured basis vector arank-1 hermitian matrix. Our prob-
lem isthusto split a given subspaceinto its “ rank-1 components”.
To solve this problem, note that in the same way we can associate to each y; ad xd
matrix Y; suchthat vec(Y;) = y;. Sinceeachy; isinthe span of the rank-1 components,
eachY; isan unknown linear combination of the rank-1 matrices:
Yr = )\11W1WE|+ R AldeWE Y, = W/\;LWEI
: = : (5.3.2)

Ya AtWIWT+ -+ AggWg w5 Yo = WAGW-
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where \j = diag[)\il, . 'a>\id] andW = [Wl, e ,Wd].
This problem is known as ajoint diagonalization problem (by congruence), since all
Y; can be diagonalized into the A; by the same matrix W. It is a generalization of the
standard eigenvalue decomposition problem, and can be solved. For example, if Y
isinvertible, then

YiY,t = WA AW
and if the eigenvalues are distinct, we can find W and hence all beamformersin one
shot as the eigenvectors of Y1Y, 1. Numerically, it is better to consider all Y; and to
avoid inversions. Details and algorithms are in section 5.10.

3. Inconsidering they; asabasis of alinear subspace (unconstrained), we have lost the
correct scaling of the w;. Rather than constraining the A;, thisis more easily fixed by
scaling each solution such that the average output power

LS 2 = 1S ik = w (1S x| w 533
ﬁk;|(3)k| = ﬁk;Wi KXWi = W ﬁkZleXk Wi (5.3.3)

isequal to 1.

A crucia aspect of the above technique is that the basis{y;} should not contain other
components than the desired {w; O w;}, otherwise we cannot pose the problem as a joint
diagonalization. For this, it is essential that there are precisely d linearly independent so-
lutionsto Py = 1 and no additional spurious solutions. The situation is analyzed in section
5.4. Asisshown in that section, two cases where the number of solutionswill be too large
are

— If Xisrank deficient, e.g., because the number of sensorsislarger than the number of
sources. Thisissimply treated by aprewhitening combined with adimension reduction,
aswe discussed in section 5.2.

— Additional rank-2 components occur for pairs of BPSK-type signals. Thissituation has
to be ruled out. However, if all signals are known to be of this type, the algorithm can
be modified (section 5.8).

Next, we go into some more details on various aspects of this algorithm.

Solving the linear system

We will now show how a basis of solutions for Py = 1 can be constructed. The purpose
of thisis also to introduce some notation to be used in later sections. Let Q be any unitary
matrix such that Q1 = /n[ 5]. Then apply Qto [1 PJ:

Qr Pl=vi| P (5.34)
: 0 G | 3.
(In practice, we would compute a QR factorization of [1 P].) Then

=1 - au Ao < {BY 23

|
o
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Given dgtaf( and noise covariance R,, compute beamformers W and output
S=WX:
1. SVD:RY*X =:uzvC
Prewhitening/dimension reduction: X := $-20"R;Y2X
Construct P with rows vech(% i) "
1 O
QRfact: Q1 P]=: ﬁ[ 0 F(’; ]
SVD of G, set {y;} to the smallest d right singular vectors.

2. Yi=vechly (i=1,-,d)
Find T tojointly diagonalizeY; asY, = TA; T (i=1,---,d)

3. Scdeeach column of T to norm 1.
SetW = RyY2051T and S= T™X

Figure5.4. Summary of ACMA

Thus, the problem of finding al solutionsto Py = 1 is effectively replaced by the second
equation which saysthat {y;} isabasisfor the null space of the matrix G. It can be conve-
niently found from an SVD of G. The first equation fixes a scaling for each y;.

By squaring (5.3.4), we obtain explicit expressionsfor p and C := GG that will be use-
ful later:

1 o 1
p = HP 1 = HZXKDXk
1
C:=GG = ﬁPDP—ppD (5.3.5)

_ %Z(Ykmxk)(ikmxk)m— [% ZYkak] [% Zikmxk] D

The former expression shows that (for y = w I w)

= (2gmon) 'y = (5w

Thus, the condition pYy = 1 is equal to the condition in (5.3.3) in the last step of the algo-
rithm outline, where the average output power of the beamformer isfixed to 1. The second
step (joint diagonalization) then needs to be concerned only with decoupling an arbitrary
scaled basis of the null space of G, or equivalently that of C = GIG.

Real processing A computational aspect isthefollowing. Notethat a hermitian symme-
try is present:
y =wOw = vec(ww").
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Thus, w O w contains a redundancy which can be removed, leading to computational sav-
ings. Instead of the ‘vec(-)’ operator which stacks the columns of an arbitrary matrix, we
can define areal-valued ‘vech(-)’ operator acting on hermitian matrices, which essentially
takes the real part of the above-diagonal entries, and the imaginary part of bel ow-diagonal
entries (seethe definition in equation (5.2.3)). The definitionissuch that there existsa data-
independent and unitary matrix J such that vech(Y) = Jvec(Y) for any Hermitian matrix Y.
Thus,

vechww™) = JwOw) O R®

is real-valued. The equation Py = 1 is now replaced by (PJ")(Jy) = 1, where PJ"is real
as well: its rows are given by vech(xX")T. Eventually, we find a rea-valued basis {y'},
at which point we can sety; = JE&/{. The corresponding matrices Y; are then hermitian by
construction.

Algorithm Theresulting algorithmissummarized in figure5.4. In comparison to the out-
line, additional ingredients are the prefiltering, for which an SVD of the data matrix X is
needed, and the real processing (using vech(XiX;) rather than % O %). The motivation for
using aprefilter which whitensthe data covariance matrix followsfrom an analysisof theal-
gorithm in the presence of noise, and will be givenin section 5.5. Thejoint diagonalization
step is described in detail in section 5.10.

5.4 Analysis of the noisefree case

The analysis of ACMA in the noisefree case can be limited to an analysis of the solutions
of Gy = 0. If all solutions are in the subspace spanned by {w; Ow;; i = 1,---,d}, then
the joint diagonalization step is able to separate an arbitrary basis of the null space into its
rank-1 components, and we recover the true beamformers. Rather than looking at the null
space of G, it will be more convenient to look at the null space of C := GNG. Thisis of
course equivalent, but the analysis of the structure of C extendsmore easily to an asymptotic
analysisin the noisy case, later in section 5.6.
Aswasderivedin (5.3.5),

C= GEC— —z XkDXk (XkDXk - ZXkDXk ZXkDXk

With xx = Asy, we obtain _ _
C = [ADAGIADOA"

where
Cs z—z 08 (& 0" Z&D& Zskﬂsk

C is positive semidefinite, because it is congtructed asC = GHG. Hence, the null space of
C has two components: the null space of [AT A]Y, plus vectors y such that [AD Ay isa
vector in the null space of Cs. The purpose of prefiltering with dimension reduction is to
remove the former solutions beforehand, by replacing A by a square full rank matrix A. In
that case also A0 Aissquare full rank, with an empty null space. Thus, theinteresting part
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Section 5.4. Analysis of the noisefree case

isthe analysis of the null space of Cs, which is only dependent on the signals, not on their
directions.

For the sake of exposition, we specialize Cs for the case of two CM signals, s;(k) and
(k). Define
1 _
p = =Y s(0%(K
_ 1 212 (1112
9= -2 BRI [sK)]"

Then (suppressing the time index)

S181
1589 o oo 05 95
Cs = ”Z 551 [s151 5192 981 £
X
S181
1 |g 1 _
-HZ %_ffl -HZ[&& 9% 951 %)
S
(1 p p 1 1
=58 = - B
MR
| 1 pp 1 1
[0 0 00
|0 abo a = 1-]pf
~ 10 b ao0]’ b = gq-p° (54.3)
|0 000

We immediately see that Cs has null space vectors

1 0
0 0
ol - 0 (5.4.2)
0 1

These are the desired null space vectors. The remaining 2% 2 matrix in the center of (5.4.1)
is hopefully nonsingular. If the sources are independent and circularly symmetric, then
asymptotically (inn)g — Oandp - 0,sothata — 1andb - 0. Thus, for asufficiently large
number of samplesit is clear that (with probability 1) the matrix is nonsingular. Thereisa
danger for singularity if there exist specific relations between the two signals. In particular,
if
Ok: si1(k) =zxasp(k) (laj=1)

(wherethe signs may be different for different k) then p = a|p|, g = a2, b = a?a, so that the
center matrix issingular. Thisoccursin the case of two BPSK signals, for which s(k) = £1,
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or two MSK signals, for which s(k) = +1, s(k+ 1) = +j, and aso if two such signals have

a constant phase offset or the same residual carrier modulation. Note that the phase offset

o can be absorbed in the array matrix A, so that we can assume o = 1. The additional null
space vector in thiscaseis

0

1

-1

0

Thenull space of C containsvectorsy for which [AQ A]"y isavector in the null space of

GCs, i.e,, either vector in (5.4.2), and perhaps the vector in (5.4.3). Assuming that A has full

columnrank, also A Ahasfull columnrank. LetW = w1 wy] be aseparating beamformer
such that WEA = [, then

[ADAYWOW] = AWOAW =101 =1

(5.4.3)

from which we see that

1 0
[AOASW; Owg) = 8 ., [ADAA W, Ow,) = 8 :
0 1
0
[A_\DA]D(VV1[|W2—V_V2|:|W1): -1
0

The solutionsto y“Cy = 0 are thus spanned by abasis of the null space of [ALl A]” (removed
by prefiltering with dimension reduction) plus the desired solutions

vVl O W1, VVZ O Wo,
plus, in the case of BPSK-type signals, an additional undesired solution
vVl DWZ—WZ Ows.

If only the desired solutions are present in the null space of C, then thejoint diagonalization
step can find them from an arbitrary basis of this subspace. At this moment, it isnot known
how to deal with the undesired solution if it is present. Hence, we have to rule out cases
with two or more BPSK signals and a general CM signal. However, for the case where all
signals are BPSK, we we will propose a modified algorithm later in section 5.8.

Theaboveanaysiseasily generalizesto more thantwo signals. A key property, valid for
any number of signals and explicitly used by the algorithm, isthe fact that certain columns
(and rows) of Cs areidentically zero. This property comesfrom |sJ? = 1 alone and follows
by construction for any number of samples. We do not have to wait for asymptotic con-
vergence of the crosstermsto zero. Many other blind source separation techniques require
stochastic independence and rely on this. This aspect is the key to the good small-sample
high-SNR performance of ACMA.
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5.5 ACMA in noise

Let us now assume that our observations are noise perturbed: X, = xx + ng (k=1,---,n).
Our objective in this section is to rederive the ACMA procedure by starting from the
CMA(2,2) cost function

w=agmin E(&-1)?,  &=w%.
w
In adeterministic framework, a corresponding L east Squares problem can be introduced as
1 a12_1\2 a
= = -1 =W Ry.
w = argmin S (8- & =wke

We will refer to this problem asthe LS-CMA(2,2) problem.
Following the outline at the beginning of this section and using the same factorization
asin (5.3.4), we can make a similar derivation:

Y (P17 = %guﬁmkﬁmmw)—l}z
= SIFy-1)? (y=wOw)
= [BY-1P+(Gy|.
The next step is to replace the minimization of the first term by a fixed norm constraint on
y. It is well-known that thisis possible in the usual situation where there is no structural

constraint on y. The following lemma shows that the structural constraint does not change
this result.

Lemmal: Let
x; = argmin (@x-B)2+||Ax||?, and xp= argmin ||Ax|.
x=wlw x=wOw
ax=p

Then x1 is proportional to X,.

PrROOF DefineB; = a"x;. We can add the condition that a“x = [3; to thefirst optimization
problem without changing the outcome:

x1 = agmin (ax-p)2+| Ax|?
x=wOw
ax=p;
= agmin (B1-B)*+||Ax||* = argmin | Ax|]*.
x=wlw x=wlw
ax=p; ax=p;

Scaling 1 will scale the solution x; accordingly, and does not affect the fact that it has a
Kronecker structure. Hence

X1E= agmin [|Ax[2 = xs.
Bl x=w0Ow
ax=p
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O

If we apply the lemma, it follows that the solution to the LS-CMA(2,2) problem is (up
to ascaling) given by B
w= argmin ||Gy|?.

y=wOw

py=1
The condition py = 1 leadsin anatural way to the choice of aprewhiteningfilter F asgiven
in (5.2.12), viz. .
=F%, w=Ft, whee F=U3".

Indeed, we derived before that

by

py = (% ZQD f() D(VVDW) =wRw.

If we change variables by prewhitening with dimension reduction, & = 0% and w =
Uz, then R, = and )
wRw =t

Moreover, [ly||> = y7y = ¢ Ot)Ht Ot) =t Ot = [|t)|2 0 [|t]|? = [|t]|*. It thus follows
that the linear constraint on y can be replaced by amore pleasant unit-norm constraint ony
in the whitened domain:

<

LSCMA(22) - w= agmin ||Gy||®> or t= agmin ||Gy|®>. (551)
y=wOw tot B
Tyl = 1

=
im|
)EUI
=
Il
-

Y

The first minimization problem is equivalent to the LS-CMA(2,2) problem up to a scaling
whichisnot important. The second minimization problemisalmost equal to thefirst, except
that the whitening also involves a dimension reduction: thiswill forcew = U3t to liein
the dominant column span of X.

At thispoint, ACMA and LS-CMA(2,2) will divergein two distinct but closely related
directions.

— LS-CMA(2,2) hasto numerically optimizethefirst minimization problemin (5.5.1), and
find d independent solutions. If weignorethe effect of the dimension reduction, the so-
lutions will be unit-norm vectorsyy that have the required Kronecker structure and min-
imize || QX ||I2. We expect that these sol utions are close to the approximate nullspace of
G. Indeed, under noise-free conditions, they are precisely abasis of this null space.

— ACMA ismaking atwist on this problem: instead of solving for the true minimum, it
first finds a basis for the the d-dimensional approximate nullspace of G, then looks for
unit-norm vectors in this subspace that best fit the required structure.

We thus seethat ACMA and LS-CMA(2,2) are closely related provided we whiten the data
using the noisy data covariance matrix Ry. The motivation for following the ACMA ap-
proach isthat it is easier to solve for all d solutions (using joint diagonalization), whereas
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the differenceislikely to be not very large. Moreover, as we will show in section 5.6, the
ACMA solution convergesto the Wiener (LMM SE) solution, whereas CMA(2,2) is known
to be unequal (but close) to the Wiener solution [57].

5.6 Asymptotic behavior

An analysis of the asymptotic behavior of ACMA in noisewill reveal the close connections
of this method with other blind source separation methods based on fourth-order moments.
In the noiseless case, we have derived in (5.3.5)

C:=G'G = —z (X O xi) (X O xp) = = zkaxk zkaxk ) (5.6.1)
In the presence of noise, Xx = As¢ + N, assume that we compute in the same way
GEb = — Z XkDXk (XkDXk - ZXKDXK ZXKDXK (5.6.2)

where G isbased on the noisy data. We analyze the contribution of the noisein this expres-
sion, assuming that it is zero mean, circularly symmetric, independent of the sources, and
with finite covariance R, = E(nn") and fourth-order moments.

Cumulants

The asymptotic analysisis best done via the introduction of fourth-order cumulants. For a
zero-mean vector-signal x(k) with components x; (k), define the tensor with entries
i)

J’
Kik

CUm()Q,)G,Xk,)a)
EOaxjxad) — ECxj)E(Xq) = E(xiX)E(XX)) — E(xixi) E(XjX)

wherei, j,k,I = 1,--- mand misthe dimension of x. We will assume circularly symmetric
sources (hence non- BPSK) so that the last term vanishes. If we collect the entries KJ X into

amatrix Ky with entries Ki . jm | 4xm = Ki’k, then
Ky = E[(x O x) (X0 x)5 - Ex O X E[x 0 x)]"- E[xx9" O E[xxY

Note that E[xx"] = Ry, E[x 0 x] = vec(Ry). Comparing to (5.6.1), it is seen that, asymptot-
ically,

C=K«+RIOR;, C=K(+RIOR,.
Cumulants are used because they have several well-known nice properties:

— Multilinearity: xx = Asc implies

Kx = [AD AJKJAD A"
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— Additivity: Independent sources have additive cumulantsin their sum. Thishastwoim-
portant implications. If Xx = Xk + Nk, where n isindependent additive noise, then

Ky = Ky + Kn. (5.6.3)

Let s¢ = [s1(K) ---sa(K)] T consist of independent signalsand writes, = 5 s (K)e, where
g isthei-th unit coordinate vector. Let us also define the “ auto-cumulants’
Ki = cum(s;,s,s;,S)

Then additivity implies
d
Ks= ZlKi[Q OelleOa]’

In particular, Ks is adiagonal with only d nonzero entriesk;.

— Gaussian sourceshave zero cumulantsand hencedisappear in (5.6.3): K, = 0. Constant-
modul us sources have auto-cumulant K; = —1.

For our model X, = As + N, assuming independent circularly symmetric CM signals
and independent Gaussian noise, thisresultsin

Ky = [AOAKs[ADA"+K,
= [AcAl(-1)[Ac A" (5.6.4)

Note that in this asymptotic situation, the noise does not enter the equation.

Using these properties we can derive that, without noise, the CMA(2,2) or ACMA cri-
terion matrix becomes asymptotically (using R, = AAY)

C = Ky+RI OR

[ATAIKJAT A”+ AAD AAY
= [AOA(Ks+1)[ADAY = [AOACJAOA. (5.6.5)

Note that Cs = Ks+ | is diagonal, with zero entries at the location of the source autocumu-
lants, and ‘1’ entrieselsewhereon thediagonal. Likein thefinite samplecase, the null space
of Csisgiven by {e O e}, and hence the null space of C by {w; O w;}, plus of course the
null space of [AD A"

With noise, the CMA(2,2) or ACMA criterion matrix becomes asymptotically (R, =
R« + Rn)

€ = K+RIORy

= Kx+ (Ret Rn) " O (Re+ Rn) + Kn

= Ke+RIOR + RIOR+RIORc + Kn+RIOR,
=C+E+GC (5.6.6)

whereCisgivenin (5.6.5) and

E:=RIOR+R'ORy, GCh:=K,+RIOR,.
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Thus, the noise contributes a second-order and a fourth-order term to the ACMA criterion
matrix, evenif it would be Gaussian. If we do not correct for it and proceed as in the noise-
free case, thiswill result in acertain bias at the output of the beamformer. Aswe show next,
thisbiasis precisely such that ACMA convergesto the Wiener solution.

Asymptotic analysis of ACMA

In the analysis of ACMA, we aso have to take the effect of the initial prewhitening step
into account. Recall that this step is X = FZX = AS+ N, where F = U¥ 1 so that R, =
FIR(F = I. Inthewhitened domain, wesearch for d-dimensional beamformerst, theoverall
beamformers are then given by w = Ft.

If we redo the derivation in (5.6.6), but in a different direction and assuming Gaussian
noise (K, = 0), we obtain that asymptotically

C = (FORYC(FOF)
= (FOF)X(FOF) + 101
= [ADAKSAOA + 1
= [AcA(-1)[Ac A" + 1. (56.7)

Inserting thisin the CMA(2,2) cost function, equation (5.5.1), it follows that both ACMA
and CMA(2,2) look at the optimization problem

agmin y-Cy = agmin y{[AcA(-1)[Ac A +1}y
y=t0t,|ly[|=1 y=t0t,|ly[|=1
= agmax y{[AcAAcA }y. (5.6.8)
y=tot,|ly[|=1

CMA(2,2) continuesto optimizethisproblem. Aswemotivatebelow, theresultisingeneral
not the desired vectors of the form g; (1 a;. ACMA istaking adlightly different approach at
this point: it does not optimize (5.6.8), but solves the unstructured problem first. Indeed,
it looks for an unconstrained d-dimensional basis{y;} of the approximate null space of G,
equivalently the null space of €, or d independent unit-norm vectorsy that mini mlzeyDQ/
With the factorization in (5.6.7), we see that these are the d dominant eigenvectors of [Ao
AJ[Ac A", Sincethisisarank-d matrix, we have that the d dominant eigenvectors together
span the same subspace as the column span of [Ao A], hence

span{y1,-++,ya} = span[AoA] = span{a, Jay, - ,ag0ag} .

As a second step, it will use the joint diagonalization to replace the unstructured basis by
one that has the required Kronecker product structure, i.e., look for d independent vectors
of theform t O t within this column span. From the above equation, we see that the unique
solutionis _

ti0ti=aUa, i=1---.d

(up to ascaling to make t; have unit norm) and thus

ti=a, i=14d.
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The beamformer on the whitened problem is equal to the whitened direction vector (a
matched spatial filter). If we go back to the resulting beamformer on the original (un-
whitened) data matrix X, wefind

ti=a=F& O w=Fi=FFa=R%, (i=1--d (569

sinceF = U3, Ry =Uz2U= 0520 + 02020, and U = 0. We have just shown
that ACMA is asymptotically equal to the Wiener receiver (or LMMSE beamformer). In
genera, thisisavery attractive property.

Does this two-step procedure solve the CMA(2,2) optimization problem (5.6.8)? This
is not likely, since in this asymptotic case ACMA finds its structured solutions only inside
the subspace spanned by the columns of [Ao A]. A solution to CMA(2,2) is expected to be
closeto adominant eigenvector of [Ao Al[Ac Al U but it is not restricted to beinside the sub-
space. Thus, if the eigenvectors are not equal to {a U a;}, the CMA(2,2) optimal solution
might be different. This happensif the columns of A are not orthogonal. But there are only
two situations where the columns of A are precisely orthogonal: if thereisno noise, or (as-
suming white Gaussian noise) if the columns of the unwhitened A are orthogonal. Thisis
arather special case, approximately true if the sources are well separated and the number
of sensorsislarge. Thus, CMA(2,2) doesin general not lead to the Wiener solution. This
result matches that in the equalization context [21], see also chapter 8 in volume 1.

Connection to JADE

A widely used algorithm for the blind separation of independent non-Gaussian sources in
Gaussian noise is JADE (“ Joint Approximate Diagonalization of Eigen-matrices’) [11]. It
is based on the construction of the fourth-order cumulant matrix Ky in equation (5.6.4), but
uses the alternative prefiltering strategy asin (5.2.13), i.e., F = U(32-021)"Y/2 where U
and ¥ are estimated from the eigenval ue decomposition of Ry. The prefiltering leadsto X =
FX = AS+N, where A = FUA. This choice is motivated by the fact that, asymptotically,
F convergesto F = UaZ ;! (based on the SVD A = UaZaVa), and thus

A = S UFA = Va
isaunitary matrix. Asymptotically, the fourth-order cumulant matrix is given by
K, =[RoA () [A0 A"

JADE computesabasisof the dominant column span of thismatrix, whichinthisasymptotic
situation spans the same subspace as

Like ACMA, it then performs a joint diagonalization to identify the vectors a . After cor-
recting for the prefiltering, we find

T=A=Va O W=FT=UaZVa=A".
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Hence, thisstrategy |eads asymptotically to the zero-forcing beamformer, aswell asthetrue
A-matrix.

Apart from different prefiltering, the asymptotic equations of JADE and ACMA look
rather similar. JADE searchesfor eigenvectors corresponding to nonzero eigenvalues given
by the nonzero entries of Kg, here equal to -1, whereas ACMA looks for the null space
vecors generated by the zero entries of Ks+ I. Theresult is the same.

However, the finite-sample properties are quite different. In the absence of noise, the
null space information of € in ACMA is exact by construction, and hence the algorithm
produces the exact separating beamformers. The dominant column span of K used in JADE
is not exact since the signal sources do not decorrelate exactly in finite samples: Kgisafull
matrix. Thus, keeping the number of samples fixed, the SNR-asymptotic performance of
JADE saturates.

In the proposed implementation in [11], JADE explicitly uses the fact that (with the
U f-prefiltering), A =V and hence unitary. It thus forces the joint diagonalization to
produce a unitary matrix. A finite-sample problem isthat R, does not reveal yet the true Up
and 2, and the restriction might make the results less accurate. This problem was noted in
[9], where optimal combinations of second and fourth order statistics are presented.

In summary, we can say that JADE and ACMA are quite similar, but differ in the fol-
lowing points:

— Prefiltering scheme, so that ACMA convergesto aWiener solution and JADE to azero-
forcing beamformer,

— JADE explicitly relies on stochastic independence of sources, whereas ACMA explic-
itly relies on the CM property. Thisleads to different finite sample behavior.

To finish this section, we mention that the problem considered by JADE and the related
ICA [13] may be formulated as aleast squares problem

min || K, -V oVIKgV o V]| 2 (5.6.10)

whereV =V, is unitary, and K is adiagonal matrix containing the (unknown) source cu-
mulants. JADE gives an approximate but algebraically computable solution to this problem
[56]. The true solution to the minimization problem is considered in [55]; it is shown to be
equivalent to the ICA criterion, with somewhat better performance than JADE but compu-
tationally less attractive. An agorithm for solving (5.6.10) was proposed in [39].

5.7 Weighted ACMA
We have seen before, in (5.6.6), that asymptotically
C=C+E+C,, wheeE:=RIOR+RI0ORy, Cy:=Ky+RIOR,.

Thus € isin expectation equal to the noise-freeC, plus asecond-order and fourth-order con-
tribution E and C,, dueto noise. E and C,, represent biastermsthat cause ACMA to converge
to the Wiener solution. If an unbiased estimate of Aisdesired (e.g., for direction estimation),
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then the bias has to be removed. Although the Wiener beamformer can easily be mapped
to a zero-forcing beamformer (by multiplication by Iix), the finite-sample properties of this
are not so good. Here we look at an alternative, based on correcting C.

L et usassumethat we know the noise covariance R,. We cannot know E sinceit depends
on noise-free data, but we can construct

AyOTOR+RIO(Ey%Y) = RIOR+RIOR.. (5.7.1)
Asymptoticaly,
E = ROR+ROR+2RTOR,
so that
C-E-(K.-RIORy) = C

is an asymptotically unbiased estimate of C. If the noise is Gaussian, then K, = 0. If aso
we can assumethat || Ry |2 < || Rc[|Z, i€, the SNRiis sufficiently large, then we canignore
R O R, compared to E aswell, and use C—E to estimate C.

L et us now assume that we know the noise covariance only up to ascalar, i.e., suppose
that E(nn") = 6?R, where g isunknown. Computing E asin (5.7.1), it followsthat we have
available the data matrices € and E, satisfying the approximate model (ignoring 4-th order
terms)

¢ ~ C+0%E.

Since C is rank deficient with a kernel of dimension d, we can estimate 02 as the (average
of the) smallest d eigenvalues of the matrix pencil (é, E), corresponding to the eigenvalue
equation

(E-AE)y = 0.

An estimate of the basis{y;} of the kernel of Cis given by the corresponding eigenvectors.
Alternatively, recalling the factorization C = G™G, we can use B := E/2 to prewhiten
the data G:
(C-AE)y=0 -  B(BBI-A)By=0
=  (G"E-A)y =0

where . .
G = GB1?
y' = By.

Thuswe compute{y;} asthed least significant right singular vectors of GB™, and then set
yi = B ly/. At this point, we can continue with the joint diagonalization and recover the
beamforming matrix W. Asymptotically in n and SNR, we obtain W = AT,

The agorithm is called Weighted-ACMA (WACMA). As in ACMA, a dimension-
reducing prefiltering F isnecessary. If wetakethe same prewhitening prefilter asin ACMA,
then after whitening, R, = | and R, = £2. Thus, E= 1052 +5201 isdiagona, and is
easily factored: B = E'/2 isdiagonal. The resulting algorithm is summarized in figure 5.5.
Simulations comparing ACMA, WACMA and JADE appear in section 5.9.
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Given data X and noise covariance Ry, compute beamformer W

1. SVD:RY*X =:Usv
Prewhitening/dimension reduction: X := 510 R;Y/?X
Construct P with rows vech(%,Xi) "
1 a
QRfact: Q1 P|=: \/ﬁ[ 0 s ]
E:=10524+5201
SVD: {y!} = ker(GE™/?)
yi = E_l/zyil (I = 13 ad)
Y, =vechly; (i=1,---,d)

2. Continue asin the usual ACMA, step 2 (figure 5.4)

Figure5.5. Weighted ACMA

5.8 Binary source separation

The blind binary souce separation problem is to find a factorization X = ASwhere §; O
{£1}. It isthus a specialization of our previous model, where in addition Sis real-valued.
The latter property allows usto write

x=rs =[] = lmesw)S = Fe=AeS

with Xg O R 2™ and Ag 0 R 2™d. This forces Sto be real, and at the same time, A is

usually much better conditioned than A, thusimprovingitsrobustnessto noise. Theproblem

isto find all independent vectorswr O R 2V such that wiXg = s has entries s, 0 {+1}.
The alphabet condition is written as

sO{x1} < (s-D(x+)=0 - =1 (5.8.1)

(with possible extensions to other constellations). Denoting the k-th column of Xg by Xy,
substitution of wkxy = ¢ into (5.8.1) leads to

wixilw = 1, k=1,---,n.
1.

- OxdTwrOwg] = (582

If we now continue asin ACMA, we arrive at the problem Py = 1, where P = Xg o Xg and
y = wr 0 wr. However, this vector y has many duplicate entries: it corresponds to a ma-
trix Y = ww" which isrea symmetric. In the same way, it follows that the corresponding
columns of P are repeated. Thiswill give riseto additional undesired null space solutions,
causing the joint diagonalization step to fail.
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It isin the present situation rather straightforward to remove the duplicate entries. De-
fine, for ad xd real symmetric matrix Y = [y;;], a scaled stacking of the lower triangular
part of the columns:

vecr(Y) i=[yn yav2 - YaivV2 Yo YaV2 o Yaaav2  ygd]' O R AED/2,

Corresponding to this linear operation, there exists an orthogonal matrix Jg of size d(d +
1) /2 xd? and with a simple structure such that

JR(WR O WR) = vecr(WRwr)
Since JRJr = |, we can write (5.8.2) as

X Ox] WrOWR] = [xOx] g -JRWrOwg] =1  k=1,---,n.  (5.83)

After collecting all rows [xi 0 x| TI% = [vecr(xix]" into amatrix P, the problem reduces

to finding all independent vectorsyg satisfying
Pryr=1,  Yr=Jr(WRUWR)

We can now follow the same procedure asin ACMA, construct Ggr from Pg, and find a d-
dimensional basis{ (yr);} of itsnull space. The structural property yr = Jr(Wr O WR) im-
plies JRyr = wr 0 Wr. We can thus write Y; = vecr1(yg); = vec 1(Jtyr), which gives

ww' =Yy + -+ agYs. (5.8.4)

Therest isthe same asin ACMA, except that all matrices are real. The algorithmiscalled
RACMA [48].

Other algorithms Other algorithms to solve the binary source separation problem (or
separation of sources with more extended alphabets) are ILSE and ILSP [43], which are
similar to the first agorithm in (5.2.9), ILSF [52] and DWILSP [37], which are related to
the second agorithmin (5.2.9) and (5.1.3), respectively. Aswith other aternating projec-
tions algorithms, the main concern with these algorithms is their initialization and lack of
global convergence. Depending on theinitialization, the algorithms can convergeto alocal
minimum, and restarts are needed if not al independent signals are found. A maximum-
likelihood technique based on the EM algorithm was proposed in [6], and another one later
in[24]. Theseareiterativeagorithmsthat require an accurateinitialization such asprovided
by RACMA or JADE.

Several people noted that the factorization problem X = ASis essentially a clustering
problem: in the absence of noise, X can contain only 29 distinct vectors. To estimate A, it
sufficesto determine a suitable assignment of these vectors (or cluster centers) to constella-
tion vectors, i.e., the columns of S taking symmetry into account [3], [4], [25]. With noise,
however, the segmentation and hence the estimation of the cluster centers can be difficult
and limits the performance of such algorithms.

Simulations comparing several of these algorithms to RACMA have appeared in [46].
As an application of this algorithm, we mention the blind separation and equalization of
GSM signals[51].



Section 5.9. Simulations 27

5.9 Simulations

Some performance results are shown in figures 5.6 and 5.7. In this simulation, we took a
ULA(%) consisting of m = 4 antennas, and d = 3 equal-power constant-modulus sources
with directions —10°,0°,20° respectively. We compare the performance of ACMA, W-
ACMA and JADE.

Infigure5.6, wevary the number of samplesn and the Signal to Noise Ratio (SNR). The
performance measureistheresidual signa to interferenceratio (SIR), which indicates how
well the computed beamforming matrix W is an inverse of A. The reference performanceis
that of a zero-forcing (ZF) beamformer based on sample data (W = A™, A = XS, assum-
ing known S). Figure 5.7 shows the same but for the Signal to Interference and Noiseratio
(SINR). Here, the reference performance is that of a Wiener receiver based on sample data
(W = SXT with known S).

Figure 5.6 (right column) showsthat the SIR performance of JADE saturatesfor finiten
becauseit relies on the convergence of fourth-order statistics, whereas (Ieft column) the SIR
performance of ACMA saturatesfor finite SNR, becauseit convergesto the Wiener solution
and hence it is biased. It is seen that the whitening in W-ACMA removes this saturation
so that it can converge to a few dB below the ZF solution. Figure 5.7 shows that ACMA
converges asymptotically (in n) to the Wiener solution.

Finally, figure 5.8 showsthe SIR and SINR for three equal -powered sources with direc-
tions[—a,0,a], for varying a. The SNRwas10dB, and wetook n= 200 samples. For large
a, the columns of A become approximately orthogonal, & = I, and the difference between
ACMA and WACMA disappears. The performance of JADE islimited by the finite sample
effect.

5.10 Joint diagonalization

In the preceding sections, we have mostly analyzed the first step of the algorithm: up to
the point of finding a basis{y;} of the null space of G. We finish the chapter by going into
more details on the second step: how to identify from this basisthe structured beamforming
vectors{t; (0 t;} spanning the same space. The solution is given by ajoint diagonalization
of the matrices; constructed from y;.

Finding the rank-one basis

After we have found a basis {y;} for the (approximate) null space of G, we have to find
which basis{tj 0t} spansthe same subspace. By rearranging the d?-dimensional vectors
asdxd matrices, asin (5.3.2), we have seen that this problem can be written as

Y, = TATH (A diagonal) (5.10.1)
Yo = TA,TH
Yy = TAgTE.

Thisproblemisknownasajoint (or simultaneous) diagonalization problem, by congruence.
It is related to generalized eigenvalue problems, which is seen by postmultiplying by Y;*
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Figure5.8. SIR and SINR performance for varying angle separation

(assumingitisinvertible), sothat weobtain VY, = T(AiATL) T2, If the eigenvaluesof one
such product are unique, then T is unigque up to scaling and permutation, and we can solve
the problem. Withi > 2, the problem isin general overdetermined, with no exact solution
in the noisy case. Numerically it is better to avoid the inversion and to take all matrices';
into account. One approach for thisis given below; aliterature overview is given at the end
of the section.

Bring in a QR factorization of TYand an RQ decomposition of T:

T=QR, TU=R'Z

whereQ, Z areunitary, and R, R" are upper triangular and invertible. Thefactorizationsare
of course related, but we will ignore this for the moment. Substitution into (5.10.1) leadsto

QMizZ = R (5.10.2)
QMZ = R
QMZ = Ry

with Ry, -+ -, Ry upper triangular:
Rt = RAR
R = RAR (5.10.3)
Ri = RAGR'.

Hence, there exists Q, Z such that all Q™Y .Z are upper triangular. Thisisageneralized Schur
decomposition, but for d matrices rather than two.

Suppose that we have found this decomposition, then how do we reconstruct T? From
thefact that {y;} and {t; O t;} are both basesfor the same subspace, we can formulate that
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there exist linear combinations of the Y; such that the result istjt". Thisimpliesthat there
are complex numbers a;j such that

Z aijYj = titiD
]

In particular, the result isrank 1. Introducing the QZ factorizations (5.10.2), it follows that

Zdinj, i=21---,d
J

isasorank 1. But since this matrix is upper triangular as well, at most one diagonal entry
of the result can be nonzero. (From the structure of the R; in (5.10.3) and the invertibility
of R, R, we deduce that precisely one diagonal entry is nonzero.) Thus, it suffices to look
at linear combinations of the diagonals of the R;. Collect these diagonalsin amatrix R,

rj :dlag[RJ], R:= [rl ro ...rd]

andlet Abeamatrix withentriesa;j. Setting for thei-th linear combination thei-th diagonal
entry of the result equal to 1, wefind

S ajrj=a, (i=1-,d - AR=l - A=R".
J

Having found the coefficients{ai;}, we can now compute d linear combinations 3 ; aijY;j
(i=1,---,d) and factor the result as titiD. Thet; form the columns of the matrix T. Hence,
in the noise-free case, the computation of ageneralized Schur decomposition (5.10.2) gives
the solution to the simultaneous diagonalization problem.

Generalized Schur decomposition

Let usnow see how we can computethe generalized Schur decomposition problem (5.10.2)
in the presence of noise. Since the problem is overdetermined for d > 2, in general there
will be no Q,Z that will make all Ry, -+, Ry upper triangular, but we can try to find a best
fit:

0

ming.z{Ry Zgzl 'Yk _QRkZD“E
mingz(rg Yker lQMZ-R«llE-

It follows that for any Q, Z the best fit for R is equal to the upper triangular part of Q™Y,Z,
so that the modeling error becomes equal to the norm of the strictly lower triangular part.
Thus, we have to make all Q%YZ as much upper triangular as possible, or minimize the
strictly lower triangular entries. Our approach isto modify the standard QZ or Jacobi itera-
tion method used for computing the Schur decomposition of two matrices[34], [18] so that
it works for more than two matrices.

TheQZ iteration for computing the Schur decomposition of two matrices[18] startswith
setting Q@ =1, (9 = . A different suitableinitialization follows from a Schur decompo-
sition of just Y; and Y». At the n-thiteration step, we compute aunitary matrix Q™ tojointly

Minting Yo [ Yk=TACTY2
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make all QWH(Y,Z("1)) more upper triangular, and then we compute a unitary matrix Z("
to makeall (QY)Z(" more upper triangular. Sinceit might be hard to find Q™ or (" to
maximize the upper triangularity in each step, it is customary to find only an approximate
solution and rely on the outer iteration to provide convergence.

We now describe ways to compute Q™ (note that Z(" is obtained in a dual way). At
this stage, we have matrices

My = QM By z("-1) | k=1,---d

not yet upper triangular, and and we have to find an update unitary matrix Q that lowersthe
below-diagonal norm of Q"Mj, - --, Q"Myg.

Jacobi-type techniques consist of two ingredients. a visiting scheme (“sweep”), in
which all below-diagonal entries (i, j), i > j are selected in some order, and an update
scheme, where we apply a2 x 2 Givensrotation acting on rowsi and j. The update scheme
can have two policies. If we follow the classical QZ-type Jacobi iteration [14], we mini-
mizethe sum of the squared normsof theentries (i, j) after therotations. The corresponding
rotation is computed from

Ml(I7J) MZ(IJJ) Md(';]) &
If welook at an SVD of the 2xd matrix at the left hand side, it is seen that the smallest 5 €2
we can obtainisequal to the smallest singular value squared, and the corresponding rotation
istheU-factor of the SVD. Alternatively, we can compute U from an eigenval ue decompo-
sition of the 2 x 2 matrix obtained from squaring the above. Hence, thereis a closed-form
description of the optimal 2 x 2 rotation.

A sweep consists in selecting the pivots (i, j) in column-wise ordering, e.g.,

O
&

O
6, ] (5.10.4)

X X X X X
1 X X X X
M¢=]| » 5 x x X
3 6 8 X X
4 7 9 10 X

Since the rotations are unitary, it is seen that when we are performing rotations in column
j, the below-diagona norm of the previous columns do not change. However, the bel ow-
diagona norm of future columns may increase, but thiswill be reduced in later rotations.
The above rotation scheme cannot guarantee that the below-diagonal norm will be
smaller at the end of a sweep (though thisis very likely). Many authors therefore propose
aschemein which the effect of arotation in the (i, j)-plane on the below-diagonal norm is
computed, such that this norm is minimized. Thisis obtained by looking at (for i > j)

o[ Ma(i,J)-+-Ma(j,i- 1) ‘ ‘ Ma(j,J)--Ma(j,i-1) ] _ [ 00
Mai, J) -+ Ma(i,i = 1) Ma(i, ) Ma(i,i - 1) £re

The solution is again given (even in closed form) by an SVD in the same way as before.
In exchangefor its larger complexity, this scheme has the property that the bel ow-diagonal

00
8...8
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Figure5.9. Joint diagonalization algorithm
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norm cannot increase. Hence, it will convergemonotonically to alocal minimum. However,
in practice the performance of both schemesis quite similar. Convergenceis fast, usually
quadratically within 3-5 iterationsif initialized by a Schur decomposition of two matrices.
It should be noted that there are many other possible schemes, e.g., by intertwining the 2x 2
Q and Z-rotations or computing them jointly. An experimental performance study made by
Del athauwer [29] showsthat the performance of all schemesisgrosso modo the same, with
the monaotonic scheme being somewhat more susceptible to local minima.
The overall joint diagonalization algorithm is summarized in figure 5.9.

Other joint diagonalization problems and algorithms

Many blind source separation problems in signal processing, and elsewhere, lead to joint
diagonalization problems. In the literature, we find problems of the form

(a) E = TATYE - QR QY
by E = TATY - QRZ" (5.10.5)
(c) E = AATD R QRZ"

where A and T are square invertible and al A; are diagonal. Problem (c) occurs in multi-
dimensional ESPRIT-typealgorithms[49], [54], [22], and a so in multilinear source separa-
tion problems (called PARAFAC, see chapter 6 of thisvolume) where we have adatamodel
of the form x = Y& O1; O't; [41]. Problem (b) is called a Simultaneous Diagonalization
by Congruence problem and resultsin ACMA and JADE [11], and severa other cumulant-
based algorithms for separating non-Gaussian signals as well as second order techniques
for separating sources based on differencesin their spectra[5]. Problem (a) is called a Si-
multaneous Diagonalization by Similarity problem, and isin signal processing applications
usually derived from problem (c) by premultiplying with Ej?, thus eliminating A.

One solution strategy for problem (c) is to solve it iteratively, using alternating least
squares[7], [41]. In most cases, however, QR-factorizationsfor T, THand A areintroduced,
so that we obtain the modified problemsat theright of (5.10.5), inwhich Q and Z are unitary,
and the R are upper triangular. Another possibility is to assumethat T in problem (a) or
(b) is unitary, which happens asymptotically if we perform prewhitening. Thus, we arrive
at the following set of Simultaneous Schur Decompositions:

(d E = QAQY

e E = QrRQ" (5.10.6)

() E = QRZ-
Overviews of several such problems are given in [8], [12], [15]. For this set of problems,
Jacobi-typeiterations can be introduced. Problem (d) hasreceived most attention [8], [11],
[5], and 2 x 2 rotations to minimize off-diagonal norms can be obtained in closed form [10].
Alternatively, the problem can be solved using isospectral flows [12]. Problem (f) has
been studied in the previous subsection, and elsewhere [50], [30], [29], [1], and aso ad-
mits closed-form expressions for the 2 x 2 rotations. Finally, problem (e) has been studied,
but no exact closed-form solutions have been reported [23], [1]. However, since this prob-
lem is usually derived from problem (a), which in turn is usually obtained from problem
(c), it is often possible to consider problem (f) instead.
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5.11 Concluding remarks

In this chapter we have described the ACMA: a deterministic block-algorithm for solving
the constant modulus problem. Although more complex, it has major advantages over iter-
ative CMAs, eg.,

— amodest requirement on the number of samples,

— all beamforming vectors for all sources are found in one shot, as the eigenvectors of a
generalized eigenvalue problem,

— the solutions are found algebraically and reliably, hence no convergence problemsasin
iterative CMAS.

We have shown that ACMA convergesto the Wiener solution (in samplesor SNR), whereas
the minima of the CMA(2,2) cost function only have this property if there is no noise or
the mixing matrix is orthogonal. Furthermore, we have derived a modification, WACMA,
which is close to the zero-forcing solution if the noise power is small (SNR better than 10
dB). We have made a performance comparison to the related JADE algorithm, which sepa-
ratesindependent non-Gaussian sources based on their non-zero kurtosis. Theconclusionis
not unequivocally, because JADE convergesto a zero-forcing beamformer asymptotically
in the number of samples, but not in SNR. Applied to constant-modulus sources, ACMA
has almost always better SINR-performance and WACMA has amost always better SIR-
performance.

There are several extensions of this type of algorithm. We described an extension to
binary sources. Similar algorithms have been derived for sources that are either zero or
constant modulus [53], and the separation of binary sources with unknown residual carri-
ers[48]. Theagorithm can be used as the second step in several blind FIR-MIMO channel
identification/separation algorithms [32], [52]. Another application isin direction finding
of multiple sources: WACMA can be used to estimate individual array response vectors a;,
from which (in the absence of multipath) the directions can be estimated. The algorithm
and performance bounds have been published in [31]. A recent overview that places many
of these algebraic techniques for blind source separation into context can be found in [47].
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