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Abstract

An inner-outer factorizationtheoremfor linear time-varyingsystemsis obtainedvia an extensionof
the classicalBeurling-Lax theoremto the time-varyingcontext. This providescharacteristicfeatures
of the inner factor, which can be usedto computerealizationsof the inner and outer factorsfrom a
realizationof thegiventransferoperator. Theresultingalgorithmis in essencethesquare-rootversion
of a Riccati recursiveequationwith time-varyingcoefficients.

1. Introduction

Recently, therehasbeensomeinterestin computinginner-outerfactorizationsof time-varyingsystems,
asa basicstepin robustcontrolapplicationssuchasthedesignof feedbackcontrollersandsensitivity
minimization[6, 2]. For time-invariantsingle-inputsingle-outputsystems,theinner-outerfactorization
is a factorizationof an analytical(causal)transferfunction T(z) into the productof an inner and an
outersystem:T(z) = V(z)T0(z). The inner part V(z) is analytical(i.e., it hasits polesoutsidethe unit
disc) and hasmodulus1 on the unit circle, whereasthe outer part T0(z) is analyticaland may have
zerosonly outsidethe unit disc. For example,(with |α |, |β | < 1)

z
z− ᾱ

1 − β z
= z

z− ᾱ
1 − α z

⋅
1 − α z
1 − β z

.

The locationof the zerosdeterminesthe inner and outer factors. The resultingouter factor is such
that its inverseis againa stablesystem,providedthereareno zeroson theunit circle. For multi-input
multi-outputsystems,the definition of the outer factor is more abstract(seee.g., Halmos[7]) and
takesthe form of a rangecondition: T0(z) is outer if T0(z)H 2

m = H 2
n , whereH2

m is the Hardy space

0This researchwassupportedin part by the commissionof theEC undertheESPRITBRA program6632(NANA2). A
preliminaryversionhasbeenpublishedin the conferenceproceedings[9 ].
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of analyticalm-dimensionalvector-valuedfunctions.A generalizationof this definitionappliesin the
time-varyingcontext.

The existenceof inner-outer factorizationsin any context is more or lessfundamentalto analytical
Hilbert spaces.Abstractmathematicalformulationsof it which alsoapply to the time-varyingsetting
canbe foundin [1, 8]. In this paper, we connecttheabstracttheoryto a computationalschemeacting
on statespacerealizations.Oneof theaspectsof time-varyingsystemsis that thestatedimensioncan
vary, andasa result,thenumberof ‘zeros’ in the innerandouterfactorscanvary, too. The theoryin
this paperhandlessuchvariationsautomatically. Full detailscanbe found in [10].

An applicationof the inner-outerfactorizationis the computationof inversesystems:if T is a causal
and invertiblesystem,then its inverseis not necessarilycausal:the inversionmight haveintroduced
ananti-causalpart. This effect is knownasa dichotomy;it is in generalnot a trivial taskto determine
thecausalandanti-causalpartsof T−1. With the inner-outerfactorization,however, the inverseof the
outerfactor is againcausal,whereasthe inverseof the inner factor is fully anti-causal,anddetermines
which part of the inverseof the outer factor is madeanti-causal.This applicationof the inner-outer
factorizationplaysa crucial role in e.g., the computationof optimal feedbackcontrollers[6].

Of lessimportanceto control,but for thesakeof illustration,applicationsto finite matrixcomputations
are considered.The inner-outer factorizationcan be viewed asa statespacetechniqueto efficiently
computea QR factorizationof a structuredmatrix.

2. Notation

We adopt the notationof [3, 4, 10], so that the descriptionof it in this paperwill be terse. For
i = ����� , −1, 0, 1, ����� , let

�
i be a separableHilbert space.We will usually take

�
i = |CMi with Mi a

finite number, sothat
�

i is a finite vectorspace,but we will haveto allow
�

i = � 2 in section5. The
space

�
= |CM := ����� × � 0 ×

�
1 × ����� is the spaceof (non-uniform)sequencesu = [ ����� , u0, u1, ����� ]

with entriesui in
�

i. Suchsequenceswill representthesignalsin our systems.If all dimensionsM i

are finite, thenwe call
�

locally finite. Some(or most)of the dimensionsmay be zero,andin this
way finite non-uniformvectorsarealsoincludedin the formalism. In

�
, the inner productbetween

two non-uniformsequencesf andg is definedin termsof the usualinner productof (row)-vectorsin�
i as

( f, g) = �
i

( fi, gi)

where( fi, gi) = fig∗
i is definedto be0 if Mi = 0. Thenorm of a non-uniformsequenceis thestandard

2-norm(vectornorm) definedon this inner product:

u = [ ui ]∞
−∞ : � u � 22 = (u, u) =

∞�
i=−∞

� ui � 22 .

The spaceof sequencesin
�

with finite 2-normis denotedby �	�2 :� �2 = 
 u ∈
�

: � u � 2 < ∞ � .

The space � (
�

, 
 ) is the spaceof boundedoperatorsT : y = uT acting from ���2 into ���2 .1 An
operatorin sucha spacehasan (infinite) matrix representationwhere the ij -th entry is an operator�

i → 
 j (an Mi × Nj matrix). The space� ⊂ � consistsof boundedoperatorsT which are upper:

1For historicalreasons,the orderingof operatorsis written from left to right throughoutthe paper.
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Tij = 0 (i > j). Likewise, we define � ⊂ � to be the spaceof lower operatorsand � = � ∩ � to be
the spaceof diagonals.

In � , the causalbilateral shift-operatorZ is definedvia [ ����� , u0 , u1, ����� ]Z = [ ����� , u−1 , u0, ����� ] (the
squareidentifiesthe positionof the 0-th entry). Z ∈ � , and Z hasa matrix representationin which
the entriesZi,i+1 = I, andall otherentriesare zero. If u ∈

�
, thenuZ ∈

� (1), where
� (1) is equal

to thespacesequence
�

, shiftedover oneposition. Thek-th diagonalshift of an operatorA into the
South-Eastdirectionis denotedasA(k) = Z∗kAZk.

Basedon the space � (
�

, 
 ) of [ ���2 → ���2 ] operatorsboundedin operatornorm, we define the
Hilbert-Schmidtspace � 2(

�
, 
 ), consistingof elementsof � that are also boundedin Hilbert-

Schmidtnorm. This norm is definedas� A � 2HS = �
i,j

� Aij � 22 (A ∈ � (
�

, 
 )) ,

where � Aij � 22 is, in turn, equalto the sumof the entriesof Aij squared.� 2(
�

, 
 ) is thusgiven by� 2(
�

, 
 ) = 
 A ∈ � (
�

, 
 ) : � A � 2HS < ∞ � .

On � 2(
�

, 
 ), the Hilbert-Schmidtinner product�
A, B � HS = trace(AB∗)

can be defined,and the Hilbert Schmidtnorm satisfies � A � 2HS =
�
A,A � HS = trace(AA∗). � 2(

�
, 
 )

is a Hilbert spacefor the Hilbert-Schmidtinner product. We will only usethe specialcase ���2 :=� 2( |C ZZ ,
�

). It canbe consideredasthe input or outputspacefor our systemoperators:eachrow of
an elementof ���2 is a sequencein ���2 , and if T is a boundedoperator[ ���2 → ���2 ], thenit may be
extendedasa boundedoperator[ � 2 → � 2] by stackingsequencesin � 2 to form elementsof � 2. This
leadsfor exampleto the expressionY = UT, whereU ∈ ���2 andY ∈ ���2 [3]. If the k-th row of U

is denotedby Uk (andlikewisefor Y), thenY = UT correspondsto Yk = UkT, for k = ����� , 0, 1, ����� . We
will continueto write � 2 insteadof ���2 if the preciseform of

�
is not of interest.

We defineP as the projectionoperatorof � 2 on � 2, P0 as the projectionoperatorof � 2 on � 2, and
P �

2Z−1 astheprojectionoperatorof � 2 on � 2Z−1. If X ∈ � 2, thenits k-th diagonalis definedin terms
of P0 by X[k] = P0(Z−kX), and X = � ZkX[k]. The domainof the projector P0 can be extendedto
operatorsin � .

A subspace� of ���2 is called (left) D-invariant if D � ⊂ � for all diagonalsD ∈ � , and shift-
invariant if Z� ⊂ � . For a D-invariantsubspace� , if X ∈ � , then the rows Xk of X are elements
of a subspace� k in ���2 . Hence, a D-invariant subspace� falls apart into rows � k such that� = ����� × � 0 × � 1 × ����� , whereeach � k is a subspacein ���2 (thek-th row of ���2 ) [11, 4, 10]. Let dk

bethedimensionof � k, thenwe call d = [dk]∞
−∞ thesequenceof dimensionsof � : d = s-dim � . If all

dk arefinite, then � is saidto belocally finite. Let � k = |Cdk ( � k = � 2 if dk = ∞), andlet � = ����� × � k× ����� .
Each � k hasa basisrepresentationFk suchthat � k = � kFk, wherethe rows of Fk are the individual
basisvectors. Likewise, a D-invariant subspace� hasa basisrepresentationF suchthat � = � 2F
[11], where the k-th (block)-row of F is Fk. The diagonaloperatorΛF := P0(FF∗) = diag[FkF∗

k]∞
−∞

plays the role of Gram operator. If ΛF is uniformly positive (i.e., boundedlyinvertible), the basis
representationis calledstrong (it is a Rieszbasis),andthe projectionoperatoronto � is in this case
given by P  ( ⋅ ) = P0( ⋅ F∗)Λ−1

F F. If ΛF = I, thenF is calledan orthonormalbasisrepresentation.
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3. Time-varying systems

An upperoperatorT ∈ � (
�

, 
 ) is calleda causaltransferoperator: it mapssequencesu ∈ ���2 to
sequencesy = uT ∈ �!�2 in a causalway. When T is viewed as an operatorfrom �"�2 to ���2 , then
because� 2 = � 2Z−1 ⊕ � 2, its actionon � 2Z−1 canbe decomposedinto two operatorsHT andKT:

⋅ T # �
2Z−1 = ⋅ KT + ⋅ HT : ⋅ HT = P( ⋅ T # �

2Z−1) ; ⋅ KT = P �
2Z−1( ⋅ T # �

2Z−1) (1)

HT is called the Hankel operatorof T. The space� 2Z−1 can be viewed as a ‘past signal space’: it
consistsof a collection(stack)of � 2-sequencessuchthat thek-th sequence(row) is zerofrom point k
on. Likewise,thespace� 2 is thoughtof asa ‘future signalspace’,becauseits k-th row of anoperator
in � 2 is zerobeforepoint k. Consideringsuchspacesleadsto a mathematicallycompact(index-free)
notation.

The rangeandkernelof HT andH∗
T areD-invariantsubspaceswith importantsystem-theoreticprop-

erties[11]: define $
(T) := ker( ⋅ HT) = 
 U ∈ � 2Z−1 : P(UT) = 0 �� (T) := ran( ⋅ H∗

T) = P�
2Z−1(� 2T∗)� 0(T) := ran( ⋅ HT) = P( � 2Z−1T)$

0(T) := ker( ⋅ H∗
T) = 
 Y ∈ � 2 : P �

2Z−1(YT∗) = 0 � .

Thesesubspacesprovidedecompositionsof � 2Z−1 and � 2 as� ⊕

$
= � 2Z−1� 0 ⊕

$
0 = � 2 ,

(the overbardenotesclosure). � (T) is called the (natural)input statespace,and � 0(T) the (natural)
outputstatespaceof T. If thesesubspacesare locally finite, then they havethe sames-dimension,
andT is saidto be locally finite. In this case,onecanobtainminimal realizationsof the type

uT = y ⇔ xZ−1 = xA+ uB
y = xC+ uD

T =

%
A C
B D & (2)

whereu ∈ ���2 , y ∈ ���2 ,

A ∈ � ( � , � (−1)) , C ∈ � ( � , 
 ) ,
B ∈ � (

�
, � (−1)) , D ∈ � (

�
, 
 ) .

(3)

The spacesequence� is called the systemorder of the realization. Let Ak be the k-th entry of
the diagonaloperatorA, and likewise for Bk, Ck, Dk. If � k = |Cdk, then Ak is a dk × dk+1 matrix,
Bk : Mk × dk+1, Ck : dk × Nk, Dk : Mk × Nk, and all dimensionsare time-varying. By taking the k-th
entry of eachsequenceand diagonalin (2), it is seenthat theserealizationequationsare equivalent
to the (morefamiliar) formulation

xk+1 = xkAk + ukBk

yk = xkCk + ukDk
k = ����� , 0, 1, ����� .

Alternatively, we may considerthe input-outputrelationsY = UT, where U ∈ ���2 and Y ∈ ���2
are collectionsof signalsin � 2, which leadsto stateequationsin which all variablesare diagonal
operators:

X(−1)
[i+1] = X[i]A + U[i]B

Y[i] = X[i]C + U[i]D
i = ����� , 0, 1, ����� . (4)
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T is a realizationof T if its entriesTij or its diagonalsT[i] aregiven by

Tij = '() (* 0 , i > j
Di , i = j
BiAi+1

����� Aj−1Cj , i < j .

⇔ T[i] = '() (* 0, i < 0
D, i = 0
B(i)A(i−1) ����� A(1)C, i > 0

(5)

Let � A denotethe spectralradiusof the operatorAZ:� A = lim
n→∞

� (AZ)n � 1/n .

A realizationis said to be strictly stableif � A < 1. In this case,(I − AZ) is invertible, and (2) yields
T = D + BZ(I − AZ)−1C. For a strictly stablesystem,the operatorsF andF0 definedby

F := + BZ+ BZAZ+ BZ(AZ)2 + ������, ∗
F0 := C + AZC + (AZ)2 C + ����� (6)

are boundedoperatorsin � Z−1 and � , respectively, and given by F = + BZ(I − AZ)−1 , and F0 =
(I − AZ)−1C, respectively. In case � A ≤ 1, then F and F0 are boundedoperatorson � 2, and can be
definedvia (6) on a densesubsetof � 2.

F andF0 play the role of controllability andobservabilityoperators,as they generatea factorization
of the HankeloperatorHT definedin (1) as

HT : � 2Z−1 → � 2, HT = P0( ⋅ F∗) F0 .

The realizationis called(uniformly) controllableif thecontrollability GramianΛ F := P0(FF∗) is (uni-
formly) positive,(uniformly) observableif the observabilityGramianΛF0 = P0(F0F∗

0) is (uniformly)
positive, and minimal if it is both controllableand observable. Equivalently, a realizationis con-
trollable if ⋅ F # -

2
is one-to-one(injective), i.e., if P0( ⋅ F∗) hasan empty kernel, and observableif

⋅ F0 # - 2
is one-to-one.For minimal realizations,F andF0 arebasisrepresentationsof � (T) and � 0(T),

respectively: � (T) = �/.2 F , � 0(T) = �/.2 F0 .

More in general,for a controllablerealization, � 0(T) ⊂ � 2F0, and for an observablerealization,� (T) ⊂ � 2F. We mentionthe following properties,which arevalid for � A ≤ 1 [11, 10]:

F0 = C + AZF0

T = D + BZF0

ZF = A∗F + B∗

T∗ = D∗ + C∗F
ΛF0 = I ⇒ AA∗ + CC∗ = I
ΛF = I ⇒ A∗A + B∗B = I

(7)

4. State space properties of inner systems

A transferoperatorV of a systemis an isometryif VV∗ = I, a co-isometryif V∗V = I, andunitary if
bothVV∗ = I andV∗V = I. A systemis inner if its transferoperatoris unitaryandupper. A realization
V is calledunitary (or lossless)if VV∗ = I andV∗V = I, where

V =

%
AV CV

BV DV & . (8)
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Proposition 1. Let V ∈ � . Then

VV∗ = I ⇒

$
0(V) = � 2V ⊕ ker( ⋅ V∗ # 0

2
) .

If VV∗ = I and ker( ⋅ V∗ # 0
2
) = 0 thenV is inner. Dually,

V∗V = I ⇒

$
(V) = � 2Z−1V∗ ⊕ ker( ⋅ V # �

2Z−1) .

If V∗V = I and ker( ⋅ V # �
2Z−1) = 0, thenV is inner.

Proof Let VV∗ = I. BecauseV is an isometry, the subspaces� 2V = ran(V), � 2Z−1V and � 2V are
closed,and � 2V = � 2Z−1V ⊕ � 2V. � 2V ⊂

$
0, becauseP �

2Z−1( [ � 2V] V∗) = 0. The remainingsubspace$
0 1 � 2V consistsof elements$

0 1 � 2V = 
 X ∈ � 2 : P �
2Z−1(XV∗) = 0 ∧ P(XV∗) = 0 �

= 
 X ∈ � 2 : XV∗ = 0 �
= ker( ⋅ V∗ # 0

2
) .

Hence

$
0 = � 2V ⊕ ker( ⋅ V∗ # 0

2
).

If ker( ⋅ V∗ # 0
2
) = 0, thenX ∈ � 2 , XV∗ = 0 ⇒ X = 0 . This implies

X ∈ Z−n� 2 , XV∗ = 0 ⇒ X = 0 (all n ∈ ZZ ) ,

since(ZnX)V∗ = 0 ⇔ XV∗ = 0. Letting n → ∞ yields ker( ⋅ V∗) = 0, so that V hasa left inverse,
which mustbe equalto the right inverseV∗. HenceV∗V = I andV is inner. Dual resultshold in case
V∗V = I. 2
Unitary realizationsandinner systemsarecloselyconnected:onecanshowthata locally finite inner
systemhasa unitaryrealization,andtheconverseis trueat leastwhentherealizationis strictly stable.
More precisely, we havethe following theorem.

Theorem 2. Let V given by equation(8) be a state realizationof a boundedtransfer operator
V ∈ � (

�
, 
 ), where

�
and 
 are locally finite spacesof sequences.Let ΛF and ΛF0 be the

controllability and the observabilityGramiansof the givenrealization. If � AV < 1, then

V∗V = I ⇒ V∗V = I , ΛF = I ,
VV∗ = I ⇒ VV∗ = I , ΛF0 = I .

(9)

If � AV ≤ 1, then
V∗V = I , ΛF = I ⇒ V∗V = I ,
VV∗ = I , ΛF0 = I ⇒ VV∗ = I .

Proof See[4, 10]. 2
5. Beurling-Lax type theorem

Proposition1 statesthat the output null spaceof an isometricsystemhasa certainstructure. The
following theoremprovidesa converseof this. In its time-invariantform, sucha theoremis known
asthe Beurling-Lax theorem.
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Theorem 3. All DZ-invariantsubspaces

$
0 in �3�2 havetheform

$
0 = �3�2 V, where V ∈ � (

�
, 
 )

is an isometry(VV∗ = I).

Proof Let 4 0 =

$
0 1 Z

$
0. This is a D-invariantsubspacein �5�2 . We can assumeit is non-empty,

for else

$
0 = Z

$
0 = Zn

$
0 for all n ≥ 0, andsinceX ∈ � 2 ⇒ limn→∞ P(Z−nX) = 0, this implies that$

0 = 0, and thereis nothingto prove. Likewise,define 4 n = Zn

$
0 1 Zn+1

$
0. Then 4 n = Zn 4 0, and$

0 = 4 0 ⊕ 4 1 ⊕ 4 2 ⊕ ����� .
Supposes-dim 4 0 = M, anddefinethesequenceof Hilbert spaces

�
= ����� × � 0 ×

�
1 × ����� to have

entries
�

k = |CMk (
�

k = � 2 if Mk = ∞). Then thereexist isometriesVk :
�

k → ( 4 0)k suchthat
( 4 0)k =

�
kVk. Let V be theoperatorwhosek-th block-row is equalto Vk. We obtainanorthonormal

basisrepresentationof 4 0, as in section2, suchthat4 0 = � �2 V, P0(VV∗) = I .

Then 4 n = � 2ZnV. Because4 i ⊥ 4 j (i /=j), it follows that D1ZnV ⊥ D2V (n ≥ 1) for all D1,2 ∈ � 2,
i.e.,

P0(ZnVV∗) = 0
P0(VV∗Z−n) = 0

so that VV∗ = I: V is an isometry. The orthogonalcollection 
�� 2ZnV � ∈

$
0 (n ≥ 0), and together

spansthe space� 2V. Hence

$
0 = 
�� 2ZnV � = � 2V. The factor V is uniqueup to a left diagonal

unitary factor. 2
The aboveproof is along the lines of the proof of Helson [7, 6 VI.3] for the time-invariantHardy
spacesetting. This proof was in turn basedon the work of Beurling for the scalar(SISO) caseand
Lax for the extensionto vectorvaluedfunctions.

Note that, in theabovetheorem,
�

canhavecomponents
�

k which areinfinite dimensional,evenif
 is locally finite, dependingon

$
0. In our applicationof the theoremin the next section,however,$

0 is suchthat
�

will be locally finite automatically, startingfrom locally finite spaces.

Corollary 4. If V ∈ � (
�

, 
 ) is an isometry, then there existsan isometryU ∈ � (
�

U, 
 ) such
that ker( ⋅ V∗ # 087

2
) = � � U

2 U. Theoperator

W =

%
U
V &

is inner, with � 0(W) = � 0(V) and � 2 = � 0(V) ⊕ � 2U ⊕ � 2V.

Proof If V is an isometry, then(proposition1)� �2 = � 0(V) ⊕ ker( ⋅ V∗ # 087
2

) ⊕ � �2 V, (10)

where

$:9
0 := ker( ⋅ V∗ # 0

2
) is shift-invariant,so that accordingto theorem3 thereexistsan isometry

U ∈ � (
�

U, 
 ) such that

$;9
0 = � � U

2 U. In view of proposition1, W is inner if WW∗ = I and
ker( ⋅ W∗ # 0

2
) = 0. WW∗ = I requiresUV∗ = 0, which is true because� 2V ⊥ � 2U. Hence � 2W =� 2U ⊕ � 2V, andsince � 0(W) ⊃ � 0(V), we musthave(from equation(10)) that � 0(W) = � 0(V) and

ker( ⋅ W∗ # 0
2
) = 0. HenceW is inner, and � 0(W) is closed. 2
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6. Inner-outer factorization

We will saythat an operatorT0 ∈ � is (left) outer if� 2T0 = � 2 . (11)

Other definitionsare possible(seee.g., Arveson [1]); the abovedefinition is such that ran( ⋅ T0) =� 2T0 = � 2, so that ker( ⋅ T∗
0) = 0 and T0 has an algebraicleft inversewhich is upper (it can be

unboundedif � 2T0 is not closed). A factorizationof an operatorT into T = T0V, whereT0 is outer
and V is inner (or an isometry: VV∗ = I) is called an outer-inner factorization. This factorization
can be obtainedfrom theorem3 by defining

$
0 to be

$
0 = � 2T. The closureshereand in (11) are

necessaryin caseswhere � 2T is not a closedsubspace.This happenswhen thereare ‘zeros on the
unit circle’, for examplewhenT = I − Z. The existenceof inner-outerfactorizationsis establishedin
the following theorem.A moregeneralproof (in thecontextof nestalgebraswhich specializesto the
currentsetting)is given by Arveson[1].

Theorem 5. Let T ∈ � (
�

, 
 ). ThenT hasa factorization

T = T0 V

where V ∈ � (
�

V, 
 ) is an isometry(VV∗ = I), T0 ∈ � (
�

,
�

V) is outer, and
�

V ⊂
�

(entry-wise).
V is uniqueup to a left diagonalunitary factor.

Proof Define

$
0 = � 2T. Then

$
0 is a D-invariant subspacewhich is shift-invariant: Z

$
0 ⊂

$
0.

Accordingto theorem3, thereexistsa spacesequence
�

V andan isometricoperatorV ∈ � (
�

V, 
 )
suchthat �3�2 T = � � V

2 V. By construction,�3�2 T = � � V
2 V⊕Z�3�2 T with

�
V of minimaldimensions.

Becausealso �3�2 T = [ �<�2 ⊕ Z�3�2 ]T, but �5�2 T is not necessarilyorthogonalto Z�=� T, it follows
that

�
V ⊂

�
. In particular, the entriesof

�
V arefinite vectorspaces.

DefineT0 = TV∗. Then � 2T0 = � 2TV∗ = � 2TV∗ = � 2VV∗ = � 2, so thatT0 is outer. It remainsto prove
thatT = T0V, i.e., T = TV∗V. This is immediateif V is inner. If V is not inner, thencorollary4 ensures
the existenceof an isometryU suchthat� 2 = � 0(V) ⊕ � 2U ⊕ � 2V,

where

$�9
0 := � 2U = ker( ⋅ V∗ # 0

2
), and W = > UV ? is inner. Then U∗U + V∗V = I, VU∗ = 0, and

T = TV∗V ⇔ T (I − V∗V) = 0 ⇔ TU∗U = 0 . But � 2TU∗ ⊂ � 2VU∗ = 0, which implies TU∗ = 0.
HenceT = T0V.

To show that V is unique,up to a left diagonalunitary factor, supposethat there existsV1 ∈ � :
T = T1V1, whereT1 is outerandV1V∗

1 = I. Then

ran( ⋅ T) = � 2T0V = � 2V = ran( ⋅ V) = ran( ⋅ V1) ,

sothat,accordingto a theoremof Douglas[5], thereexistsX ∈ � suchthatV1 = XV. HenceX = V1V∗,
XX∗ = I, andX∗X = VV∗

1V1V∗ = VV∗ = I, so that X is unitary. We alsohave,from T1 = TV∗
1 = T0VV∗

1,
that � 2T0 = � 2T1V1V∗ = � 2V1V∗ ⊂ � 2

so that X ∈ � . In the sameway, X∗ = X−1 = V1V∗ ⊂ � . HenceX ∈ � . 2
8



One can show that, in theorem5, V is inner if and only if ker( ⋅ T∗) = 0. If V is not inner, then
the extensionW of V in theorem5 is inner, and suchthat � 0(V) = � 0(W), but the resultingfactor
T0 = TW∗ basedon W is not preciselyouteraccordingto the definition in (11):� 2T0 = � 2TW∗ = � 2VW∗ = � 2[0 I]

so that this T0 reachesonly a subsetof � 2 andmapsthe rest to 0.

The inner-outerfactorizationis basedon the identificationof a subspace

$
0 = � 2T as

$
0 = � 2V. The

complementin � 2 of this spaceis � 0(V) ⊕

$:9
0 andis characterizedby theelementsX ∈ � 2 satisfying

P0(� 2TX∗) = 0, that is, XT∗ ⊥ � 2. Hence� 0(V) ⊕

$ 9
0 = 
 X ∈ � 2 : XT∗ ∈ � 2Z−1 � = 
 X ∈ � 2 : P(XT∗) = 0 � .

In this expression,

$@9
0 = � 2U = ker( ⋅ V∗ # 0

2
) accordingto its definition. We now show that also$A9

0 = ker( ⋅ T∗ # 0
2
) = 
 X ∈ � 2 : XT∗ = 0 � . Indeed,if X ∈

$A9
0, then X = X1U for someX1 ∈ � 2, and

becauseUT∗ = 0, it follows that XT∗ = 0. Conversely, if XT∗ = 0, then XV∗T∗
0 = 0, and because

ker( ⋅ T∗
0) = 0, it follows thatXV∗ = 0 so thatX ∈

$B9
0. Hence

$�9
0 = ker( ⋅ T∗ # 0

2
).

7. Computation of the inner-outer factorization T = VT0

Let T ∈ � (
�

, 
 ), with
�

, 
 locally finite spacesof sequences.In this section,it will beconvenient
to work with a dual factorizationof T: T = VT0 (for different V and T0), whereT0 is ‘right outer’:� 2Z−1T∗

0 = � 2Z−1 (or T0� 2 = � 2), andwherethe left inner (isometric)factor V satisfiesV∗V = I andis
obtainedby identifying thesubspace� 2Z−1V∗ with � 2Z−1T∗. Dual to theotherpropertiesmentionedin
theprevioussection,thereexistsaninneroperatorW = [U V] thatextendsV in caseit is isometric,and
U satisfiesU∗U = I, U∗V = 0, and � 2Z−1U∗ = ker( ⋅ T # �

2Z−1), so thatU∗T = 0. For this decomposition,� 2Z−1 = � (V) ⊕ � 2Z−1V∗ ⊕ � 2Z−1U∗

= � (V) ⊕ � 2Z−1T∗ ⊕ ker( ⋅ T # �
2Z−1)

(12)

Define

$�9
= ker( ⋅ T # �

2Z−1) . We havedefinedin section3 thedecompositionof T, restrictedto � 2Z−1,
as

⋅ T # �
2Z−1 = ⋅ KT + ⋅ HT , ⋅ KT = P �

2Z−1( ⋅ T # �
2Z−1) .

It is thus seenthat � (V) is the largest subspacein � 2Z−1 for which � (V)KT = 0 and which is
orthogonalto

$@9
. U in turn is definedby U∗U = I, � (U) ⊂ � (V) and the condition that � 2Z−1U∗

is the largest subspacein � 2Z−1 such that ( � 2Z−1U∗)T = 0. Finally, V is determinedby its input
statespace� (V) andthe fact that it complementsU. Thesepropertiesprovidea way to computethe
inner-outerfactorization,first in termsof basisrepresentationsof thestatespacesof T andV, andthen
in termsof statespacematrices.

Lemma 6. Let T ∈ � be a locally finite transferoperator, and let F0 be a basisrepresentation of
a subspacein � 2 which containsthe outputstatespaceof T, i.e., suchthat � 0(T) ⊂ � 2F0 ⊂ � 2. Let
T = VT0 bean inner-outerfactorizationof T andsupposethatQ is anorthonormalbasisrepresentation
of the input statespace � (V) of V.

Then � (V) = � 2Q is the largestsubspacein � 2Z−1 for which QT = YF0 with ker( ⋅ Y) = 0.
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Proof We use the property that � (V) is the largestsubspacein � 2Z−1 for which � (V)KT = 0 and
which is orthogonalto

$C9
. The fact that � (V)KT = 0 translatesto the condition QT ∈ � . Hence� (V)T ⊂ � 0(T), and we must have that QT = YF0 for someboundeddiagonaloperatorY, which

playsan instrumentalrole in the derivationof a staterealizationfor V. It remainsto implementthe
condition � (V) ⊥

$:9
. Supposethat Q hasa componentin

$@9
, so that DQ ∈

$;9
, for someD ∈ � 2.

Then,since

$A9
= ker( ⋅ T # �

2Z−1),

DQ ∈

$ 9
⇔ DQT = DYF0 = 0 ⇔ D ∈ ker( ⋅ Y) .

Hence � (V) can be describedas the largest subspace� 2Q in � 2Z−1 for which QT = YF0 with
ker( ⋅ Y) = 0. 2
If � is the statesequencespaceof T, and � V is the statesequencespaceof V, then Y ∈ � ( � V, � ).
Theconditionker( ⋅ Y) = 0 impliesthat � V ⊂ � (pointwise),so that thestatedimensionof V is at each
point in time lessthanor equalto the statedimensionof T at that point.

Proposition 7. Let T ∈ � bea locally finite transferoperator, let T = 
 A,B,C,D � beanobservable

realization of T, and assume� A < 1. Let V be a left inner (isometric)factor of T so that T0 = V∗T
is right outer. Thenthe pair (AV, BV) that correspondsto an orthonormalbasisrepresentation Q of� (V) satisfies

(i) A∗
V YA + B∗

VB = Y(−1)

(ii ) A∗
V YC + B∗

VD = 0
(iii ) A∗

VAV + B∗
VBV = I

(iv) ker( ⋅ Y) = 0 ,

for someboundedY ∈ � . Conversely, all solutions(AV, BV) of theseequationsgivebasisrepresenta-
tionsof subspacesin � (V), andthesolutionof maximalpossibledimensionsis a basisrepresentation
of � (V). For sucha solution,Y is uniquesavefor a left diagonalunitary factor.

Proof Let F0 = (I − AZ)−1C. BecauseF0 is a basisrepresentationof a subspacecontainingtheoutput
statespaceof T, i.e., � 0(T) ⊂ � 2F0, we haveP(QT) = YF0 for someboundedY ∈ � , and we will
show that Y is given by a solution to equation(i). Indeed,let Y be definedby P(QT) = YF0. We
will apply the relationsZQ = A∗

VQ + B∗
V; F0 = C + AZF0, T = D + BZF0 (cf. equation(7)). Firstly,

P(Z−1YF0) = Y(1)P(Z−1 F0) = (YA)(1) F0. On the otherhand,

A∗(1)
V P( Z−1QT ) = P( Z−1[A∗

VQ]T )
= P( Z−1[ZQ − B∗

V]T )
= P(QT) − B∗(1)

V B(1) F0

= YF0 − B∗(1)
V B(1) F0 .

Hence,becauseobservabilitymeansthat ⋅ F0 # - 2
is one-to-one,

P(Z−1YF0) = P(Z−1QT)
⇒ (A∗

VYA)(1) F0 + (B∗
VB)(1) F0 = YF0

⇔ A∗
VYA + B∗

VB = Y(−1) .

Conversely, since � A < 1 implies that any solutionY of (i) is boundedand unique(given (AV, BV)),
it follows that a basisrepresentationQ associatedto a given pair (AV, BV) satisfying(i) will satisfy
P(QT) = YF0.
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Let Y be given by P(QT) = YF0. To derive the equivalenceof (ii ) with the conditionQT = � , we
will usethe fact that QT ∈ � ⇔ P0(ZnQT) = 0 for all n > 0.

n = 1 : P0(ZQT) = P0( [A∗
VQ + B∗

V]T)
= A∗

VP0(QT) + B∗
VD

= A∗
VYC+ B∗

VD .

HenceP0(ZQT) = 0 ⇔ A∗
VYC+ B∗

VD = 0. For n > 1, assumeP0(Zn−1QT) = 0. Then

P0(ZnQT) = P0(Zn−1[ZQT])
= P0(Zn−1[A∗

VQ]T) + P0(Zn−1B∗
VT)

= A∗(n−1)
V P0(Zn−1QT) + B∗(n−1)

V P0(Zn−1T)
= 0 + 0 .

Hence(ii ) is both necessaryand sufficient for the condition QT ∈ � to be satisfied. The fact that
we took Q to be an orthonormalbasisrepresentationimplies condition (iii ), and condition (iv) has
alreadybeenderived.

Conversely, if (AV, BV) is a solutionof (i)–(iv), thenwe havealreadyshownthat thereis a uniqueY
satisfying(i), and that (i) and(ii ) imply QT = YF0. Since,by (iv), alsoker( ⋅ Y) = 0, lemma6 yields� 2Q ⊂ � (V), as � (V) is the largestsubspacesatisfyingtheseconditions,and Q mustbe part of a
basisrepresentationof � (V). The existenceof the inner factor implies that a solutionof maximal
dimensionsof theseequationsyields a basisrepresentationof � (V).

To provetheuniquenessof Y savefor a left diagonalunitaryfactor, let thetriple (A

9
V, B

9
V, Y

9
) beanother

solutionof (i)–(iv) generating� (V). (A

9
V, B

9
V) generatesanotherorthonormalbasisrepresentationQ

9
,

but two orthonormalbasisrepresentationsof thesamesubspacearerelatedby a unitarytransformation.
It follows that thesecondsolutionmustberelatedto thefirst onevia a unitarystatetransformationR:
(A

9
V, B

9
V, Y

9
) = (RAVR−(−1), BVR−(−1), RY). HenceY is uniqueup to a left unitarydiagonalfactor. 2

It is possibleto constructsolutions(AV, BV) for the four equationsin proposition7, and from these
solutionsa realizationV for the inner (isometric)factorV of T follows. Takingthek-th entryof each
diagonalin (i)–(iv) givesthe recursivematrix equations

'(((() ((((*
(i) A∗

V,kYk Ak + B∗
V,kBk = Yk+1

(ii ) A∗
V,kYk Ck + B∗

V,kDk = 0
(iii ) A∗

V,kAV,k + B∗
V,kBV,k = I

(iv) Yk+1 full row-rank.

AV,k and BV,k can be computedfrom theseequationsstartingat somepoint in time, oncean initial
valuefor Y is known(this is discussedbelow). AssumingYk known,thecomputationof Yk+1, AV,k and
BV,k canbe doneasdiscussedin the following theorem.It will be convenientto computeW = [U V],
i.e., to computeU alongwith V.

Theorem 8. Let T ∈ � havean observablerealization T = 
 A,B,C,D � with � A < 1. Thenthere
existsa unitary block diagonaloperatorW with entriesdenotedby

W =

%
AV CU CV

BV DU DV & (13)
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and a diagonaloperatorY ∈ � , satisfyingthe equation

W∗

%
Y

I & % A C
B D & = DEF Y(−1) 0

0 0
BT0 DT0

GIHJ ,
ker( ⋅ Y) = 0
ker( ⋅ DT0) = 0 .

(14)

for someboundedBT0 and DT0, suchthat the resultingY is of maximalpossibledimensions.Y is
uniqueup to a left diagonalunitary factor. W is a minimalrealizationof an inneroperatorW = [U V]
where V is thefactor of an inner-outerfactorization of T, T0 = V∗T is outerandU∗T = 0. Realizations
of V and T0 are

V =

%
AV CV

BV DV & , T0 =

%
A C

BT0 DT0 & .

(Therealization of V is minimal,but the realization of T0 is not necessarilyminimal.)

Proof The equationswhich W andY haveto satisfyare,written in full,

(a) A∗
V YA + B∗

VB = Y(−1)

(b) A∗
V YC + B∗

VD = 0
(c) ker( ⋅ Y) = 0

(d) C∗
U YA + D∗

UB = 0
(e) C∗

U YC + D∗
UD = 0

(f) C∗
V YA + D∗

VB = BT0

(g) C∗
V YC + D∗

VD = DT0

(h) ker( ⋅ DT0) = 0 .

Let V be the inner (isometric)factor of the inner-outer factorizationof T, and let W = [U V] be the
extensionof V to an inner operator. Theexistenceof V andW hasbeenprovenin theorem5. Let W
bea minimal unitary realizationof W, anddenotetheentriesof W asin equation(13). Theexistence
claimof thetheoremis thatthisW satisfiesequations(a)–(h) above.Indeed,(AV, BV) satisfyequations
(i)–(iv) in proposition7, for someboundedY. Thesecorrespondto (a)–(c).

In addition, U satisfiesU∗T = 0. In order to evaluatethis product, denotethe orthonormalbasis
representationof � (V) correspondingto (AV, BV) by Q, so that U = DU + Q∗CU andV = DV + Q∗CV.
Let F0 = (I − AZ)−1C, so thatT = D + BZF0. U∗T evaluatesas

U∗T = [D∗
U + C∗

UQ]T
= D∗

U[D + BZF0] + C∗
UYF0

= [D∗
UD + C∗

UYC] + [D∗
UB + C∗

UYA]ZF0 .

(15)

Hence,asF0 is one-to-onebecausethe realizationof T is observable,

U∗T = 0 ⇔ D∗
UD + C∗

UYC= 0 and D∗
UB + C∗

UYA = 0 . (16)

Thus, equations(d)–(e) are satisfied. EvaluatingT0 = V∗T in termsof statespacequantitiesyields,
muchasin equation(15),

T0 = [C∗
VYC+ D∗

VD] + [C∗
VYA + D∗

VB]ZF0

T0 =

%
A C

C∗
VYA + D∗

VB C∗
VYC+ D∗

VD & . (17)

Hence,BT0 andDT0 satisfyBT0 = C∗
VYA + D∗

VB andDT0 = C∗
VYC+ D∗

VD, which correspondsto (f) and
(g). BecauseT0 is outer, DT0 satisfies(h).

It remainsto provethatanysuchsolutionW leadsto aninner-outerfactorization.With thepartitioning
of W asindicatedandW satisfyingequations(a)–(h), it is directlyverifiedthatAV andBV areoperators
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of maximalpossibledimensionssatisfyingequations(i)–(iv), sothatthecorrespondinginputstatespace� (V) is the correctinput statespaceof the inner factor.

Fromconditions(d) and(e) andequation(16), it follows thattheoperatorU specifiedby therealization
 AV, BU, CV, DU � satisfiesU∗T = 0. Moreover, U is the operatorof maximal possibledimensions
satisfyingtheseconditions,sincethezeroentriesat theright-handsideof (14) areof maximalpossible
dimensions,andhence� 2Z−1U∗ = ker( ⋅ T # �

2Z−1).

BecauseW is a unitary realization, the correspondingoperatorW = [U V] is inner, and V has
realizationV. It follows from equation(12) that V satisfies� 2Z−1V∗ = � 2Z−1T∗, so that V is indeed
the inner factor of the inner-outerfactorizationof T. With this realizationof the inner factor andBT0

andDT0 satisfying(f)–(h), T0 is a realizationfor the outer factor T0. 2
Theabovetheoremcanbeusedto actuallycomputethe inner-outerfactorization.Indeed,upontaking
the k-th entry alongeachdiagonalof equation(14), we obtainthe recursion:given Yk, computeWk

suchthat

W∗
k

%
Yk

I & % Ak Ck

Bk Dk & = DEF Yk+1 0
0 0

(BT0)k+1 (DT0)k+1

G HJ ker( ⋅ Yk+1) = 0
ker( ⋅ (DT0)k+1) = 0 .

Wk can be obtainedby a simple QR-factorization. The resultingalgorithm is familiar from (non-
stationary)Kalmanfiltering, whereit is knownasthe square-rootalgorithm.

One issuethat remainsto be discussedconcernsthe initialization of Y. If the input space
�

for T
(andhenceV) hasemptydimensionsbeforetime instant1, or thestatedimensionof T is zeroat time
instant1, thenan initial point is Y1 = [ ⋅ ], so that a minimal realizationfor V startswith zero states
at time instant1. For the moregeneralclassof systemswhich are time-invariantbefore,say, point 1
in time, an initial value for Y is determinedin the following way. Y1 now hasto satisfyan equation
ratherthana recursion:Y1 = Y0 = A∗

V,0Y0A0 + B∗
V,0B0 , where,asbefore,

A∗
V,0AV,0 + B∗

V,0BV,0 = I ,
A∗

V,0Y0C0 + B∗
V,0D0 = 0 .

We will showthat the solutionof theseequationsis the sameas the classicalsolutionof the inner-
outer factorization,and is determinedby the transmissionzerosof the time-invariantpart of T that
are locatedin the unit disc. For convenienceof notation,define y = Y0, a = A0, b = B0, c = C0,
d = D0, α = AV,0, β = BV,0. We will alsoassumethat d (andhenceT) is invertible, and that its zeros
aredistinct. Then

y = α∗ya + β∗b
0 = α∗yc + β∗d
I = α∗α + β∗β

⇔
β∗ = −α∗ycd−1

y = α∗y (a − cd−1b)
I = α∗α + β∗β .

(18)

Bring in eigenvaluedecompositionsof α and(a − cd−1b): α = rφr−1 ; a − cd−1b = sψs−1 . Then

(r∗ys) = φ∗(r∗ys)ψ .

Becauseboth φ and ψ are diagonal matrices, the above expressionshowsthat (r∗ys) must be a
rectangulardiagonalmatrix (or a permutationthereof),andhencethe diagonalentriesof φ are equal
to a subsetof the diagonalentriesof ψ−∗. In view of the requirementα∗α = I − β∗β, φ can contain
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only the entriesof ψ−∗ that are smaller than 1. BecauseV must be of the highestpossiblesystem
order while y must have full row rank, φ is preciselyequal to thoseentries. It remainsto note
that the entriesof ψ−1 = eig(a − cd−1b)−1 are equal to the transmissionzerosof T. This is because
T−1 = d−1+d−1bz K I − (a − cd−1b)zL −1 cd−1 haspolesequalto eig(a−cd−1b)−1. With thepolesof theinner
systemthus determined,it is a straightforwardmatter (involving a Lyapunovequation)to compute
α, β, andy from (18).

8. Closed-form expression for the outer factor realization

In the time-invariantsetting,it is well known that the outer factor T0 of T can be written in closed
form in termsof the original statematrices 
 A,B,C,D � of T and only one unknownintermediate
quantity, which is thesolutionof a Riccati equationwith 
 A,B,C,D � asparameters.We will showin
thissectionhow a Riccati recursiveequationcanbederivedfrom thesquare-rootalgorithmin theorem
8. Denoteby ( ⋅ ) M the pseudo-inverseof an operator.

Theorem 9. Let T ∈ � be a locally finite transferoperator, let T = 
 A,B,C,D � be an observable
realization of T, and assume� A < 1.

There existboundedsolutionsM ≥ 0 of

M(−1) = A∗MA + B∗B − KA∗MC + B∗D L (D∗D + C∗MC) M KD∗B + C∗MAL , (19)

and there is a uniqueboundedsolution of maximal rank. Let M be this solution, and let R be a
minimal full rangefactor (ker( ⋅R∗) = 0) of

RR∗ = (D∗D + C∗MC) M . (20)

A realization of the outer factor T0 of T so that T0 = V∗T is thengivenby

T0 =

%
I

R∗ & % A C
C∗MA + D∗B C∗MC + D∗D & . (21)

Proof We will provethe equivalenceof equations(19), (20) and(21) with (14).

Takingthe squareof equation(14) andusingthe fact that W is unitary leadsto the setof equations

A∗MA + B∗B = M(−1) + B∗
T0

BT0

C∗MC + D∗D = D∗
T0

DT0 , ker( ⋅ DT0) = 0
C∗MA + D∗B = D∗

T0
BT0

(22)

where we haveput M := Y∗Y. Becausetheseequationsare equivalentto (14), there is a solution
M ≥ 0 of maximalrank, correspondingto Y of maximaldimensionswith ker( ⋅ Y) = 0. This solution
M is unique,asY is uniqueup to a left diagonalunitary factor (proposition7).

Let M be this solution. OperatorsDT0 and BT0 that, with M, satisfy (22) are obtainedas follows.
The secondequationgivesDT0 = Φ(D∗D + C∗MC)1/2, for someisometryΦ suchthat ker( ⋅ DT0) = 0.
Let R = D MT0

denotethe generalizedinverseof DT0. It satisfiesequation(20), and also DT0 = RM =
R∗(RR∗) M = R∗(D∗D+C∗MC), but R neednot bea boundedoperatorunlesstherangeof DT0 is closed.
However, we know at thispoint thatthereis a boundedsolutionBT0 suchthatD∗

T0
BT0 = (C∗MA+D∗B),

and,accordingto a theoremof Douglas[5], we cantakeBT0 = (D∗
T0

) M (C∗MA+D∗B) = R∗(C∗MA+D∗B),
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which is well definedand bounded.Substitution of this solution in the first equationshowsthat M
satisfiesthe Riccati equation(19).

Conversely, anysolutionM ≥ 0 satisfies,with DT0 = Φ(D∗D+C∗MC)1/2 andBT0 = (D∗
T0

) M (C∗MA+D∗B),
equations(22), sothata solutionof maximalrankof theRiccatiequationis alsoa solutionof maximal
rank of (22). Hence,the Riccati equationhasa uniquesolutionM of maximalrank, andthis solution
leadsto a realizationof an outer factor T0 via (20) and(21). 2
The Riccati equationhasmoresolutionsM. For example,if D∗D is invertible, thenM = 0 is always
a solution,andyields T0 = T. If the rank of M is not maximal,thenT0 will not be outer.

Initial conditionsfor M canbe obtainedasMk0 = [ ⋅ ] whenT startswith zerostatesat somepoint k0

in time, or from a solutionof theRiccati equationif T is time-invariantbeforek0. Again, thesolution
requireseigenvaluedecompositions, andmustsatisfythesideconditionsthatM ≥ 0 andhasmaximal
rank. Initial conditionsfor the relatedspectralfactorizationproblemare investigatedin [12]. For
the Riccati equationoccurringin the spectralfactorizationproblem,it hasbeenproventhat thereis
a uniquesolutionM ≥ 0, and that an approximateinitial point M̂k0 = 0 of the recursionwill strongly
convergeto thecorrectsolutionM ≥ 0. This resultdoesnot apply to thepresentcontext: it is possible
that M = 0 is a solutionwhich doesnot correspondto a factor which is outer.

9. Inner-outer factorization examples

We finish this paperwith someexampleresultsof the inner-outerfactorizationalgorithm. In example
2–4, we considerfinite (4 × 4) matrices,asa specialcaseof time varying systemswhich haveinput
and output spacesthat are zero exceptfor a finite time-interval. In this case,interestingthingscan
occuronly whenT is singularor whenthe dimensionsof T arenot uniform.

1. Considerthe time-invariantsystem

T =
z− α∗

1 − β z
=

1 − α z
1 − β z

⋅
z− α∗

1 − α z
,

(| α |, | β | < 1). A state-spacerealizationof T is

T =

%
a c
b d & =

%
β 1

1 − α∗β −α∗ & .

Its zerosare(a − cd−1b)−1 = (β − α−∗(1 − α∗β))−1 = α∗. Henceα is indeeda solutionof equation
(18). Substitutionleadsto β = (1 − α∗α)1/2 andy = β∗.

2. The algorithm,appliedto

T =
DEEEEF 0 1 4 6

0 0 2 5
0 0 0 3
0 0 0 0

G HHHHJ
(the underlinedentriesform the 0-th diagonal)yields an almost trivial isometric factor V or
inner factor W (the dots correspondto columnsor rows with vanishingdimensions,and #

�
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denotesthe sequenceof dimensionsof the space
�

):

V =
DEEEEF ⋅ 1 0 0

⋅ 0 1 0
⋅ 0 0 1
⋅ 0 0 0

GIHHHHJ W =
DEEEEF ⋅ 1 0 0 0

⋅ 0 1 0 0
⋅ 0 0 1 0
⋅ 0 0 0 1

GIHHHHJ #
�

W = [1 1 1 1]
#
 W = [0 1 1 2]

It is seenthat V is not inner, becauseT is singular. W is the inner extensionof V. The only
effect of W is a redefinitionof time intervals:W actsasa shift operator. T0 = W∗T is

W∗T =
DEEEEEEF

⋅ ⋅ ⋅ ⋅
0 1 4 6
0 0 2 5
0 0 0 3
0 0 0 0

G HHHHHHJ #
�

T0 = [0 1 1 2]
#
 T0 = [1 1 1 1]

The multiplication by W∗ hasshiftedthe rows of T downwards.This is possible:the resultT0

is still upper. V∗T is equalto W∗T with its last row removed.

3. Take

T =
DEEEEF 0 1 4 6

0 1 2 5
0 0 1 3
0 0 0 1

GIHHHHJ #
�

= [1 1 1 1]
#
 = [1 1 1 1]
#� = [0 1 2 1]� is the statesequencespaceof T. T is againsingular, but now a simpleshift will not suffice.

The algorithmcomputesW as

W =
DEEEEF ⋅ −0.707 0.577 0.367 0.180

⋅ −0.707 −0.577 −0.367 −0.180
⋅ 0 0.577 −0.733 −0.359
⋅ 0 0 −0.440 0.898

G HHHHJ #
�

W = [1 1 1 1]
#
 W = [0 1 1 2]
#� W = [0 1 1 1]

T0 = W∗T =
DEEEEEEF

⋅ ⋅ ⋅ ⋅
0 −1.414 −4.243 −7.778
0 0 1.732 2.309
0 0 0 −2.273
0 0 0 0

GIHHHHHHJ #
�

T0 = [0 1 1 2]
#
 T0 = [1 1 1 1]

V is equalto W with its last columnremoved,so that T0 = V∗T is equalto the aboveT0 with
its last row removed.It is seenthat the statedimensionof W andV is smallerthanthatof T.

4. In thepreviousexamples,we consideredsystemsT with a constantnumberof inputsandoutputs
(equalto 1), for which V /= I only if T is singular. However, a non-identicalV canalsooccur if
the numberof inputsandoutputsof T arevarying in time. Thusconsider

T =
DEEEEEEF

1.000 0.500 0.250 0.125
1.000 0.300 0.100 0.027

0 1.000 0.500 0.250
0 0 1.000 0.300
⋅ ⋅ ⋅ ⋅

GIHHHHHHJ #
�

= [2 1 1 0]
#
 = [1 1 1 1]
#� = [0 1 2 1]
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V =

DEEEEEEF
−0.707 0.099 0.025 −0.699
−0.707 −0.099 −0.025 0.699

0 0.990 −0.005 0.139
0 0 0.999 0.035
⋅ ⋅ ⋅ ⋅

G HHHHHHJ #
�

V = [2 1 1 0]
#
 V = [1 1 1 1]
#� V = [0 1 1 1]

In this case,V is itself inner. The outer factor T0 follows as

T0 = V∗T =
DEEEEF −1.414 −0.565 −0.247 −0.107

0 1.010 0.509 0.257
0 0 1.001 0.301
0 0 0 −0.023

GIHHHHJ #
�

T0 = [1 1 1 1]
#
 T0 = [1 1 1 1]

An interestingobservationfrom theseexamplesis that the inner-outerfactorizationof finite matrices
T is equal to the QR-factorizationof T when it is consideredas an ordinary matrix without block
entries.

10. Concluding remarks

We havederiveda simplealgorithmto computerealizationsof the (left) inner andouter factorsof a
realizationof a given systemT. The computationsare unidirectional: startingfrom an initial value
of a quantity Yk, statematricesare computedrecursivelyfrom that point on. The initial value can
be obtainedstraightforwardlyin caseswherethe statedimensionof T vanishesbeforesomepoint in
time, or whereT is time-invariantbefore a point in time. From the algorithm, it can be observed
that the numberof statesin the inner factor (the numberof ‘zeros inside the unit disc’) is at each
point k alwayslessthan the numberof statesof T, andcannotchangeat point k if Dk is squareand
invertibleat thatpoint, unlessthe numberof statesof T decreasesat thatpoint. It can increaseif Dk

is singular, or if the numberof inputsincreasesat that point, andcandecreaseif the statedimension
of T decreases,or if the numberof inputsdecreases.For finite matrices,the inner-outerfactorization
reducesto a QR-factorization.

The outer factor can be computedas a by-product of the samealgorithm, or alternatively via a
Riccati-typerecursiveequation.

Additional researchis requiredto answerthefollowing questions:(1) doesthereexistanapproximate
initial point to start the Riccati recursion,suchthat it will converge to the exactsolutionfor large k,
and(2) can the observabilityconditionbe lifted. For the relatedRiccati recursionthat occursin the
spectralfactorizationproblem,the answersto both questionsareaffirmative [12].
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