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Abstract

An innerouter factorizationtheoremfor linear time-varyingsystemss obtainedvia an extensionof

the classicalBeurling-Lax theoremto the time-varyingcontext. This providescharacteristideatures
of the inner factor, which canbe usedto computerealizationsof the inner and outerfactorsfrom a
realizationof the giventransferoperator Theresultingalgorithmis in essencehe square-rootersion
of a Riccatirecursiveequationwith time-varyingcoeficients.

1. Introduction

Recently therehasbeensomeinterestin computingnnerouterfactorizationf time-varyingsystems,
asa basicstepin robustcontrol applicationssuchasthe designof feedbackcontrollersandsensitivity
minimization[6, 2]. Fortime-invariantsingle-inputingle-outpusystemstheinnerouterfactorization
is a factorizationof an analytical(causal)transferfunction T(Z) into the productof an inner and an

outersystem:T(2) = V(2 To(2). Theinner partV(2) is analytical(i.e., it hasits polesoutsidethe unit

disc) and hasmodulusl on the unit circle, whereasthe outer part Tp(2) is analyticaland may have
zerosonly outsidethe unit disc. For example,(with |a|, |3] < 1)

Zz—c_r _Zz—c_r -az
1-pz l-az 1-pz°

The location of the zerosdetermineghe inner and outer factors. The resultingouter factor is such
thatits inverseis againa stablesystem providedthereare no zeroson the unit circle. For multi-input
multi-output systems the definition of the outer factor is more abstract(seee.g., Halmos[7]) and
takesthe form of a rangecondition: To(2) is outerif To(2H2 = HZ2, whereH2 is the Hardy space

9This researctwassupportedn partby the commissiorof the EC underthe ESPRITBRA program6632(NANA2). A
preliminary versionhasbeenpublishedin the conferenceproceeding$9 .
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of analyticalm-dimensionalectorvaluedfunctions. A generalizatiorof this definition appliesin the
time-varyingcontext.

The existenceof innerouter factorizationsin any contextis more or lessfundamentatto analytical
Hilbert spaces Abstractmathematicaformulationsof it which alsoapply to the time-varyingsetting
canbefoundin [1, 8]. In this paper we connectthe abstractheoryto a computationakchemeacting
on statespacerealizations.One of the aspectof time-varyingsystemss that the statedimensioncan
vary, andasa result,the numberof ‘zeros’ in the inner and outerfactorscanvary, too. The theoryin
this paperhandlessuchvariationsautomatically Full detailscan be foundin [10].

An applicationof the innerouterfactorizationis the computationof inversesystems:if T is a causal
andinvertible system thenits inverseis not necessarilycausal: the inversionmight haveintroduced
ananti-causapart. This effect is knownasa dichotomy;it is in generalnot a trivial taskto determine
the causalandanti-causapartsof T-1. With the innerouterfactorization,however the inverseof the
outerfactoris againcausal whereaghe inverseof theinnerfactoris fully anti-causalanddetermines
which part of the inverseof the outerfactor is madeanti-causal.This applicationof the innerouter
factorizationplaysa crucial role in e.g.,the computationof optimal feedbackcontrollers[6].

Of lessimportanceto control, butfor the sakeof illustration,applicationgo finite matrix computations
are considered.The innerouter factorizationcan be viewed as a statespacetechniqueto efficiently
computea QR factorizationof a structuredmatrix.

2. Notation

We adoptthe notationof [3, 4, 10], so that the descriptionof it in this paperwill be terse. For
i=-..,-1,0,1,-- let M; be a separableHilbert space.We will usuallytake M; = CM with M; a
finite number sothat M; is afinite vectorspace butwe will haveto allow M; = /5 in section5. The
spaceM =CM = ... x Mo x My x - - - is the spaceof (non-uniform)sequencesi = [-- -, Ug, Uy, - - -]

with entriesu; in M;. Suchsequencewill representhe signalsin our systems.If all dimensionsgv;

are finite, thenwe call M locally finite. Some(or most) of the dimensiongnay be zero, andin this
way finite non-uniformvectorsare alsoincludedin the formalism. In M, the inner productbetween
two non-uniformsequence$ andg is definedin termsof the usualinner productof (row)-vectorsin

M, as

(.9 = > (f. o)
|

where(fi, g) =fig” is definedto be 0 if M; = 0. The norm of a non-uniformsequencés the standard
2-norm (vectornorm) definedon this inner product:

u=[ul% o ulB=uu = > [[uls.
j=—00
The spaceof sequencei M with finite 2-normis denotedoy £2*:

" ={ud M: [ulf2 <o}

The spaceX'(M, ) is the spaceof boundedoperatorsT : y = uT acting from ¢ into £4'.1 An
operatorin sucha spacehasan (infinite) matrix representationvhere the ij-th entry is an operator
M; - Nj (an M; x N, matrix). The spacel/ 0 X' consistsof boundedoperatorsT which are upper:

For historicalreasonsthe orderingof operatords written from left to right throughoutthe paper
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Tj =0 (i >j). Likewise, we define £ [0 X' to be the spaceof lower operatorsandD = n L to be
the spaceof diagonals.

In X, the causalbilateral shift-operatorZ is definedvia [- -, [ug|, Uy, - - JZ = [---,[U-1], U, - - -] (the
squareidentifiesthe position of the 0-th entry). Z O i/, and Z hasa matrix representatioin which
the entriesz; i1 = |, andall otherentriesare zero. If u 0 M, thenuz O MDD, where MY is equal
to the spacesequenceM, shiftedover oneposition. The k-th diagonalshift of an operatorA into the
South-Eastlirectionis denotedas A® = ZKAZK,

Basedon the spaceX' (M, N) of [(41 - (4] operatorsboundedin operatornorm, we define the
Hilbert-Schmidtspace X»>(M, A), consistingof elementsof X' that are also boundedin Hilbert-
Schmidtnorm. This norm s definedas

IAIRs=2_ 1Al (AD XM A,
IJ

where||A;||3 is, in turn, equalto the sumof the entriesof A squared.X>(M, A) is thusgiven by
XM, N) = {AOXM,N): ||A|4s< o} .
On X>(M, N), the Hilbert-Schmidtinner product
(A, B)ns = tracgAB")

can be defined,and the Hilbert Schmidtnorm satisfies|| A||Zs = (A, A)ns = tracgAAY). Xo(M, N)
is a Hilbert spacefor the Hilbert-Schmidtinner product. We will only usethe specialcase X" =
XZ(CZ ,M). It canbe consideredasthe input or outputspacefor our systemoperators:eachrow of
an elementof XM is a sequencen ¢41, andif T is a boundedoperator[¢3! - (4], thenit may be
extendedasa boundedoperatorf X> - A5] by stackingsequence £, to form elementof A%. This
leadsfor exampleto the expressiony = UT, whereU 0 X3 andY O &3V [3]. If the k-th row of U
is denotedby Uy (andlikewisefor Y), thenY = UT correspondso Yy = UT, fork=-..,0,1,---. We
will continueto write X, insteadof X5 if the preciseform of M is not of interest.

We define P asthe projectionoperatorof A on 4, Py asthe projectionoperatorof A on D»,, and
P.,z+ asthe projectionoperatorof A, on LoZ1. If X O A>, thenits k-th diagonalis definedin terms
of Py by Xy = Po(Z*X), and X = 3~ Z¥Xq. The domainof the projector Py can be extendedto
operatorsn X.

A subspaceH of X3V is called (left) D-invariantif DX O H for all diagonalsD O D, and shift-

invariantif ZH O H. For a D-invariantsubspace, if X O H, thenthe rows X of X are elements
of a subspaceHy in £4'. Hence, a D-invariant subspacel falls apartinto rows Hy such that
H =---xHgxHyx---, whereeachHj is a subspacen (21 (thek-th row of A3") [11, 4, 10]. Let di

be the dimensionof Hy, thenwe call d = [dk]%,, the sequenc®f dimensionof H: d = s-dim#. If all

dk arefinite, then? is saidto belocally finite. Let By = c (Bk = £y if dg = 0), andlet B = . . .xByx. . ..

EachHy hasa basisrepresentatiofrk suchthat Hy = BxFk, wherethe rows of F¢ are the individual

basisvectors. Likewise, a D-invariant subspacé hasa basisrepresentatior suchthat’® = D,F

[11], wherethe k-th (block)-row of F is Fx. The diagonaloperatorAg := Po(FFY) = diagFxFi]=,

playsthe role of Gram operator If Ag is uniformly positive (i.e., boundedlyinvertible), the basis
representatiolis called strong (it is a Rieszbasis),andthe projectionoperatoronto H is in this case
given by Py (D) = Po(IFI)ARLF. If Ag =1, thenF is called an orthonormalbasisrepresentation.
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3. Time-varying systems

An upperoperatorT 0 2/(M, N) is called a causaltransferoperator:it mapssequencesi [0 (3" to
sequencey = uT O WZV in a causalway. WhenT is viewed as an operatorfrom 3" to XZN, then
becauseY, = £,Z1 0 Us, its actionon £,Z7 canbe decomposedhto two operatorsHt andKy:

(Tl g,z2 = Ky + Hy ¢ Hy = P(ON,74); Ky =Pg,za(,,74) (1)

Hr is called the Hankel operatorof T. The spacef,Z can be viewed as a ‘past signal space’: it
consistsof a collection(stack)of £,-sequencesuchthatthe k-th sequencdrow) is zerofrom pointk
on. Likewise,the spacd/; is thoughtof asa ‘future signalspace’,becaussts k-th row of an operator
in U, is zerobeforepointk. Consideringsuchspacedeadsto a mathematicall)compact(index-free)
notation.

The rangeandkernel of Hr and HY are D-invariantsubspacesvith importantsystem-theoretiprop-
erties[11]: define

K(T) = ke[Hr) = {U0LZ%:PUT) =0}
H(M) = ranHY) = P,z

Ho(T) = ran([H7) = P(L2Z7'T)

Ko(T) = ke = {YOUr:P,,za(YT)=0}.

Thesesubspacegrovide decompositionsf £,Z71 andif, as

H O K = [:22_1
ﬁo O /Co = Uz y
(the overbardenotesclosure). H(T) is calledthe (natural)input statespace,and Ho(T) the (natural)

outputstatespaceof T. If thesesubspacesre locally finite, thenthey havethe sames-dimension,
andT is saidto belocally finite. In this case,one canobtain minimal realizationsof the type

xZ1 = xA+uB A C
ut=y y = XxXC+uD [ B D ] @
whereu O 1, y O ¢4,
A O D@B,BY), C O DB,N), 3)

B O DWM,BD), D O DM,N).

The spacesequences is called the systemorder of the realization. Let A be the k-th entry of
the diagonaloperatorA, and likewise for By, Cy, Dk. If By = C%, then A is a dy X disq Matrix,
Bk : Mg X dis1, Ck @ di X Nk, Dk : Mg X Nk, and all dimensionsare time-varying. By taking the k-th
entry of eachsequencend diagonalin (2), it is seenthat theserealizationequationsare equivalent
to the (more familiar) formulation

XAy + U By
Xk Ck + uDy

Xk+1
Yk

k=...,0,1, ---.

Alternatively, we may considerthe input-outputrelationsY = UT, whereU O X3" and Y O XZN

are collectionsof signalsin £, which leadsto state equationsin which all variablesare diagonal
operators:

Xy = XaA+UpB

Yiil XiC+UpD

4
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T is a realizationof T if its entriesT; or its diagonalsTy;; are given by

0, i >] 0, i<0
Tj = Di, i=j = T = D, i=0 (5)
BiAi+1 -+ -A-1Gj, i<j. BOAI-D...AMC, i>0

Let /a denotethe spectralradiusof the operatorAZ
(a= lim || (A" ||U".
A realizationis saidto be strictly stableif £4 < 1. In this case,(l — A2) is invertible, and (2) yields
T=D+BZ( - A2)™1C. For a strictly stablesystem the operators= andF, definedby
0

F
Fo

(BZ+BZAZ+BZ(AZ2 +---)

C+AZC+(AZ?C+--- ©

are boundedoperatorsin £Z and i, respectively and given by F = (BZ(1 -A2™) andFy =
(1 - A21C, respectively In casels < 1, thenF and Fy are boundedoperatorson D,, and can be
definedvia (6) on a densesubsetof 5.

F and Fq play the role of controllability and observabilityoperatorsas they generatea factorization
of the HankeloperatorHt definedin (1) as

Hr: £2Z7F = Uy, Hr = Po( (FY) Fo.

Therealizationis called (uniformly) controllableif the controllability Gramian/A g := Po(FFD) is (uni-
formly) positive, (uniformly) observablef the observabilityGramianAg, = Po(FoFg) is (uniformly)
positive, and minimal if it is both controllableand observable. Equivalently a realizationis con-
trollable if [F|p, is one-to-one(injective), i.e., if Po( [F9 hasan empty kernel, and observableif
[Folp, is one-to-one.For minimal realizationsF andF, arebasisrepresentationsf 7(T) andHo(T),
respectively:

H(M) =D§F,  Ho(T) =D5Fo.

More in general,for a controllablerealization, Ho(T) O D2Fg, and for an observablerealization,
H(T) O DoF. We mentionthe following propertieswhich arevalid for {4 <1 [11, 10]:

Fo
-

(7)

C +AZF, { ZF

AF + BV Nep=1 O AAP+CC = |
D + BZF o

DY+ CHF Ae=1 O AA+BB = |

4. State space properties of inner systems

A transferoperatorV of a systemis anisometryif VV- =1, a co-isometryif VBV = |, and unitary if
bothVVZ =1 andV™V = I. A systemis innerif its transferoperatoris unitary andupper A realization
V is calledunitary (or lossless)f VV =1 andV™V =1, where

_ | Ay Cy
V_[BV DV]. @®)



Proposition 1.  LetV OZ. Then
VW=l O KoV) = 4V O ke(V7,,).
If VWW=1andker(0/1,,) = 0 thenV is inner. Dually,
VV=1 O K(V) = L2V 0 ke(V,74) .-
If ViV =1 andker(DV|,,1) = 0, thenV is inner

Proof Let VVJ = 1. BecauseV is anisometry the subspacest>V = ranV), £,Z1V andi4,V are
closed,and Y2V = £L,Z7V O UsV. UpV O Ko, becauseP,4([U42V] VD) = 0. The remainingsubspace
Ko & UV consistsof elements

Ko & UtV = {XOU:Py+(XVD) =0 0 PXV) =0}
(X DUy : XV =0}

ker(DV9,,,) .

HenceKo = 12V O ker( O/,,).
If ke OV,,,) =0, thenX O, XWW=0 0 X=0. Thisimplies

XOZ"U,, XW=0 0O X=0 (alnO2),

since(Z"X)VI =0 ~ XVJ=0. Lettingn - o yields ker([VY) = 0, so thatV hasa left inverse,
which mustbe equalto the right inverseV". HenceV™V =1 andV is inner. Dual resultshold in case
ViV =1, O

Unitary realizationsandinner systemsare closely connected:one canshowthata locally finite inner
systemhasa unitary realization,andthe conversds true at leastwhenthe realizationis strictly stable.
More precisely we havethe following theorem.

Theorem 2. Let V given by equation(8) be a staterealizationof a boundedtransfer operator
V O UM, N), whee M and NV are locally finite spacesof sequences.Let Ag and Ag, be the
controllability and the observabilityGramiansof the givenrealization. If £ 5, < 1, then

VB = | 0 ViV =1, Ag=1, ©)
VAVAEEY 0 VW=1, Ag=I.
If £a, <1, then
VBV =1, Ag=1 0 VAVAR
V=1, Ag=I 0 VW=,
Proof Seel[4, 10]. O

5. Beurling-Lax type theorem

Propositionl statesthat the output null spaceof an isometric systemhasa certain structure. The
following theoremprovidesa converseof this. In its time-invariantform, sucha theoremis known
asthe Beurling-Laxtheorem.



Theorem 3.  All DZ-invariantsubspace& o in 243 havetheform Ko = 43V, where V O U/ (M, N)
is an isometry(VVZ = 1),

Proof Let Rg = Ko6 ZKg. Thisis a D-invariantsubspacen Z/IZN. We canassumet is non-empty
for else Ko = ZKp = Z"'Ko for all n 2 0, andsinceX O U, O lim,_ . P(Z"X) = 0, this implies that
Ko = 0, andthereis nothingto prove. Likewise, defineR,, = Z'Ko & Z™1Ko. ThenR,, = Z"Ro, and
/CozRoleDRzlj

Supposes-dimR o = M, anddefinethe sequencef Hilbert spacesM =---x Mgx M1 x---to have
entries My = CM« (Mg = £y if Mg = ). ThenthereexistisometriesVy : My - (Ro)k suchthat
(Ro)k = MkVk. LetV bethe operatorwhosek-th block-rowis equalto V. We obtainan orthonormal
basisrepresentationf R, asin section2, suchthat

Ro =DV, Po(VVD) = 1.

ThenRy = DoZ"V. BecauseR; O R; (i#)), it follows that D1Z"V 0O D,V (n = 1) for all Dy, O Dy,
i.e.,

0
0

Po(Z"V\H)
Po(VVZ™)

sothat VV™ = I: V is anisometry The orthogonalcollection {D,Z"V} 0O Ko (n = 0), and together
spansthe spacelf,V. HenceKy = {D,Z2"V} = U,V. The factor V is uniqueup to a left diagonal
unitary factor. O

The aboveproof is along the lines of the proof of Helson[7, §VI.3] for the time-invariantHardy
spacesetting. This proof wasin turn basedon the work of Beurling for the scalar(SISO) caseand
Lax for the extensionto vectorvaluedfunctions.

Notethat,in the abovetheorem M canhavecomponents\ i which areinfinite dimensionalgvenif
N is locally finite, dependingon K. In our applicationof the theoremin the next section,however
Ko is suchthat M will belocally finite automatically startingfrom locally finite spaces.

Corollary 4. If VOU(M,N) is an isometry thenthere existsan isometryU [0 /(M y, ') such
that ker( /) =13"vU. The operator

is inner, with Ho(W) = Ho(V) andi, = Ho(V) O UU O UV.

Proof If V is anisometry then (propositionl)
Uy = Ho(V) O ker( EVDW) O UMV, (10)

where K§ := ker( EVD|L,2) is shift-invariant, so that accordingto theorem3 there existsan isometry
U O UMy, N) suchthat £f = Ué‘"UU. In view of proposition1, W is inner if WW- = | and
ker( D/\P|u2) = 0. WW- = | requiresUVY = 0, which is true becausd/V O pU. HencelloLW =
U,U O UV, andsinceHo(W) O Ho(V), we musthave (from equation(10)) that Ho(W) = Ho(V) and
ker( DND|U2) =0. HenceW is inner, and Ho(W) is closed. O
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6. Inner-outer factorization
We will saythatan operatorTy O is (left) outerif
uzTo =U. (11)

Other definitions are possible(seee.g., Arveson[1]); the abovedefinition is suchthat ran [Ty) =
XoTp = X, so that ker([T5) = 0 and To has an algebraicleft inversewhich is upper (it can be
unboundedf X>Ty is not closed). A factorizationof an operatorT into T = TV, where Ty is outer
andV is inner (or an isometry: VV© = 1) is called an outerinner factorization. This factorization
can be obtainedfrom theorem3 by defining Ko to be Ko = #,T. The closureshereandin (11) are
necessaryn caseswherelf,T is not a closedsubspace.This happensvhenthereare ‘zeros on the
unit circle’, for examplewhenT = | — Z. The existenceof innerouterfactorizationsis establishedn
the following theorem.A moregeneralproof (in the contextof nestalgebraswvhich specializego the
currentsetting)is given by Arveson[1].

Theorem 5.  Let TOU(M,N). ThenT hasa factorizaton
T ="ToV

wher V O U(My, N) is anisometry(VVE = 1), To DU (M, My) is outer and My O M (entry-wise).
V is uniqueup to a left diagonalunitary factor.

Proof Define Ko = U>T. Then Ky is a D-invariant subspacewhich is shift-invariant: ZCo O Ko.

Accordingto theorem3, thereexistsa spacesequence\y andanisometricoperatorV O U (My, N)

suchthatZ/MT =24VV. By constructionMT = DV O Z24MT with My of minimal dimensions.
Becausealsos' T = [DM O ZUM]T, but DT is not necessarilyorthogonalto ZZ4/MT, it follows

that My O M. In particular the entriesof My arefinite vector spaces.

DefineTo = TVE. ThenlfoTg = U TVE = U TVE = UpVVE = Uy, sothat Ty is outer It remainsto prove
thatT = ToV, i.e., T = TVAV. Thisis immediateif V is innet If V is notinner, thencorollary 4 ensures
the existenceof an isometryU suchthat

U = Ho(V) O UU O UV,

where K§ := UoU = ker(VY,,), and W = [3] is inner ThenU™U + ViV = |, VUY = 0, and
T=TVV « T(1-VV)=0 ~ TUWU =0. But#4TU? O #4VU" = 0, which implies TU" = 0.
HenceT = TpV.

To showthat V is unique,up to a left diagonalunitary factor, supposethat there existsV1 0O U/:
T =T,V1, whereT; is outerandvlvf'z . Then

Wn(DF);YZTOV:ﬁ/:Wn(EV):Wn(EVl),

sothat,accordingto atheoremof Douglag5], thereexistsX 0 X" suchthatV; = XV. HenceX =V, V&,
XX =1, and XX = VWV, VP = VW = || sothat X is unitary. We alsohave,from Ty = TV{ = ToV\VE,
that

UsTo = U TaVAIVE = UV O U

sothatX 0. In the sameway, X“= X1 =V,;VZO¥. HenceX O D. m]
8



One can showthat, in theorem5, V is inner if and only if ker((T5) = 0. If V is not inner, then
the extensionW of V in theorem5 is inner, and suchthat Ho(V) = Ho(W), but the resultingfactor
To = TWH basedon W is not preciselyouteraccordingto the definitionin (11):

Z/lzTo = W = UzVV\F' = 212[0 |]

sothatthis Ty reachesnly a subsef I/, and mapsthe restto 0.

The innerouterfactorizationis basedon the identificationof a subspacé& =, T asKq =4oV. The
complementin %/, of this spaceis Ho(V) 0 K andis characterizedy the elementsX [ I/, satisfying
PoUoTXH) =0, thatis, XTZ O,. Hence

Ho(V) O K¢ = {XOU: XTPO LZ1} = {XOU: PXT) =0} .

In this expression ) = U = ker( EVD|L,2) accordingto its definition. We now show that also
K§ = ker( DI'D|L{2) = {XOU, : XT" = 0}. Indeed,if X O K4, thenX = X;U for someX; O U, and
becauseUT" = 0, it follows that XTY = 0. Converselyif XT” = 0, then XV-T§ = 0, and because
ker(OIg) = 0, it follows thatXV"' = 0 sothatX O K. HenceKk§ = ker( (01,,).

7. Computation of the inner-outer factorization T=VT

Let T OU(M,N), with M, N locally finite space®of sequencesln this section,it will be convenient
to work with a dual factorizationof T: T = VTq (for differentV and Tp), where Ty is ‘right outer:
L2Z72Tg = £,Z71 (or Toldz = Us), andwherethe left inner (isometric)factor V satisfiesv-V = | andis
obtainedby identifying the subspace’ ,Z V- with £,Z1TE. Dual to the otherpropertiesmentionedn
theprevioussectionthereexistsaninneroperatoWV = [U V] thatextendsV in caseit isisometric,and
U satisfiesU™U = I, UV =0, and £,ZU" = ker( [T -, ;4), so that U"T = 0. For this decomposition,

ﬁzz_l ﬁ(\/) O ﬁzZ_IVD O L:zz_lUD

HV) O L2070 0 ker((T|,z:)

(12)

DefineX’ = ker( [T|.,,1) . We havedefinedin section3 the decompositiorof T, restrictedto £,Z7,
as

Dr|£22_1 = |:|KT + ElHT; D<T = P,sz_l( DI—|,CZZ—1) :

It is thus seenthat (V) is the largestsubspacen £,Z7 for which H(V)Kt+ = 0 and which is
orthogonalto £’. U in turnis definedby U™U = I, H(U) O H(V) and the conditionthat £,Z U5
is the largestsubspacen £,Z7 suchthat (£,ZTUDT = 0. Finally, V is determinedby its input
statespace (V) andthe fact thatit complements). Thesepropertiesprovidea way to computethe
innerouterfactorization first in termsof basisrepresentationsf the statespacesf T andV, andthen
in termsof statespacematrices.

Lemma 6. LetT OU bea locally finite transferoperator and let Fy be a basisrepresentabn of
a subspacen U, which containsthe outputstatespaceof T, i.e., suchthat Ho(T) 0 DyFo O U,. Let
T = VT beaninner-outerfactorizationof T andsupposéhat Q is an orthonormalbasisrepresentabn
of the input statespaceH(V) of V.
ThenH(V) = D,Q is the largestsubspacén £,Z for which QT = YFq with ker( L) = 0.
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Proof We usethe propertythat (V) is the largestsubspaceén £,Z7 for which H(V)Kr = 0 and
which is orthogonalto K /. The fact that H(V)Kt = 0 translateso the conditionQT 0 Z/. Hence
HMV)T O Ho(T), and we musthavethat QT = YFq for someboundeddiagonaloperatorY, which
plays an instrumentalrole in the derivationof a staterealizationfor V. It remainsto implementthe
condition’#(V) O K’. SupposehatQ hasa componenin K, sothatDQ 0O K/, for someD 0 D,.
Then,since K’ = ker( [T ,,74),

DQOK’ - DQT=DYFp=0 - D OkerLY).

Hence (V) can be describedas the largest subspaceD,Q in £,Z% for which QT = YFq with
ker(Y) = 0. O

If B is the statesequencespaceof T, and By is the statesequencespaceof V, thenY O D(By, B).
The conditionker( [Y) = 0 impliesthat By O B (pointwise),so thatthe statedimensionof V is ateach
pointin time lessthanor equalto the statedimensionof T at that point.

Proposition 7. LetT O bealocally finite transferoperator let T = {A,B,C,D} beanobservable
realization of T, and assumels < 1. Let V be a left inner (isometric)factor of T sothat Tg = VIT
is right outer Thenthe pair (Av, By) that correspondgo an orthonormalbasisrepresentathn Q of
H(V) satisfies

(i) AJYA+ BB YD)

(i) AJYC+BD = 0

(i) AJAy + ByBy = |

(iv) ker(D) = 0,
for someboundedY O D. Converselyall solutions(Ay, By) of theseequationggive basisrepresenta-
tions of subspace #(V), andthe solutionof maximalpossibledimensionss a basisrepresentabn
of H(V). For sucha solution,Y is uniquesavefor a left diagonalunitary factor.

Proof Let Fo = (1 -A2)™1C. Becauser is a basisrepresentationf a subspaceontainingthe output
statespaceof T, i.e., Ho(T) O DyFo, we have P(QT) = YF, for someboundedY O D, and we will
showthat Y is given by a solutionto equation(i). Indeed,let Y be definedby P(QT) = YFy,. We
will apply the relationsZQ = AjQ + BY; Fo = C+AZF,, T = D + BZF (cf. equation(7)). Firstly,
P(Z1YFp) = YDP(Z1 Fp) = (YAD Fq. On the otherhand,

AMP(ZIQT) = P(ZYAYQIT)
P(ZYzQ - BYIT)

= P@QT) - B/YBWF,
= YFy - BYBDF,.

Hence,becauseobservabilitymeansthat [Fo|;,, is one-to-one,

P(Z1YFo) = P(Z1QT)
O AYADF, + BYB)YFy = YFy
« AJYA + BJB = YD,

Conversely since/a < 1 implies that any solutionY of (i) is boundedand unique(given (Avy, By)),
it follows that a basisrepresentatiorQ associatedo a given pair (Ay, By) satisfying(i) will satisfy

P(QT) = YFo.
10



Let Y be given by P(QT) = YFq. To derive the equivalenceof (ii) with the conditionQT =/, we
will usethefactthat QT O U = Po(Z"QT) =0 for all n> 0.

Po([AJQ +BYIT)
AUPo(QT) +ByD
AJYC+BUD .

n=1: Po(ZQT)

HencePy(ZQT) =0 = AJYC+ByD =0. For n> 1, assumePo(Z"1QT) = 0. Then

Po(Z'QT) = Po(Z2"1[ZQT])
Po(Z™HAJQIT) + Po(ZBYT)
ASIPy(ZQT) + B UPy(ZIT)
0+ 0.

Hence(ii) is both necessaryand sufficient for the condition QT O #/ to be satisfied. The fact that
we took Q to be an orthonormalbasisrepresentationmplies condition (iii ), and condition (iv) has
alreadybeenderived.

Converselyif (Ay, By) is a solutionof (i)—(iv), thenwe havealreadyshownthatthereis a uniqueY
satisfying(i), andthat (i) and(ii) imply QT = YF,. Since,by (iv), alsoker( [Y) = 0, lemmasé yields
D,Q O H(V), asH(V) is the largestsubspacesatisfyingtheseconditions,and Q mustbe part of a
basisrepresentatiomf (V). The existenceof the inner factor implies that a solution of maximal
dimensionf theseequationsyields a basisrepresentationf (V).

To provetheuniquenessf Y savefor aleft diagonalunitaryfactor, let thetriple (A{,, By, Y’) beanother
solutionof (i)—(iv) generatingH (V). (A!, B)) generatesanotherorthonormalbasisrepresentationq’,
buttwo orthonormabasisrepresentationsf the samesubspacarerelatedby a unitarytransformation.
It follows thatthe secondsolutionmustbe relatedto thefirst onevia a unitary statetransformatiorR:
(AL, B!, Y") = (RA/RD, ByR D, RY). HenceY is uniqueupto a left unitarydiagonalfactor O

It is possibleto constructsolutions(Ay, By) for the four equationsin proposition7, and from these
solutionsa realizationV for theinner (isometric)factorV of T follows. Takingthe k-th entry of each
diagonalin (i)—(iv) givesthe recursivematrix equations

(i) A\E/lkakAk + B\lz/[kBk Yi+1
(ii) A\lz/[kYk Cy + B\lz/[ka =0
(i) AJAuk+ BOBuk = |
(iv) Yks+1 full row-rank.

Ayk and By can be computedfrom theseequationsstartingat somepoint in time, once an initial
valuefor Y is known (this is discussedbelow). AssumingYy known, the computatiorof Yi.1, Avkx and
By canbe doneasdiscussedn the following theorem.It will be conveniento computeW = [U V],
i.e., to computeU alongwith V.

Theorem 8. Let T O ¢ havean observablerealizaton T = {A,B,C,D} with /4 < 1. Thenthere
existsa unitary block diagonaloperatorW with entriesdenotedby

Ay Cu Cy
W = 1
lBV Dy DV] (13)
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and a diagonaloperatorY O D, satisfyingthe equation

YCD 0

I:IY A C _ ker(D{):O
LT ]

for someboundedBy, and Dt,, suchthat the resultingY is of maximal possibledimensions.Y is
uniqueupto a left diagonalunitary factor. W is a minimalrealizationof an inner operatorW = [U V]
whete V is thefactor of an inner-outerfactorizatian of T, T¢ = VET is outerand UST = 0. Realizations

of Vand Ty are
V = Ay Cy ’ To= A C .
By Dy Br, Dr,

(Therealizaton of V is minimal, but the realizaton of T is not necessarilyminimal.)

Proof Theequationsvhich W andY haveto satisfyare, written in full,

o B = YD f UYA+DIB = B
() AS,YA+BE,B Y @ CIYA+DIB = 0 () cg, + B = T
(b) AJYC+BJD = 0 © CIYC+DID = 0 (@ CyYC+D{D = Dr,
(©) ker(Y) = 0 v v (h) ker([Dy,) = O.

Let V be the inner (isometric)factor of the innerouterfactorizationof T, andlet W=[U V] bethe
extensionof V to aninner operator The existenceof V andW hasbeenprovenin theorem5. Let W
be a minimal unitary realizationof W, anddenotethe entriesof W asin equation(13). The existence
claim of thetheoremis thatthisW satisfiesequationga)—(h) above.Indeed,(Ay, By) satisfyequations
()—(iv) in proposition7, for someboundedY. Thesecorrespondo (a)—(c).

In addition, U satisfiesU"T = 0. In order to evaluatethis product, denotethe orthonormalbasis
representatiof 7 (V) correspondindo (Av, By) by Q, sothatU = Dy + Q"Cy andV = Dy + Q"Cy.
Let Fo = (I —A2)™1C, sothatT = D + BZFy. U'T evaluatesas

UTT = [DY+CyQIT
DYID +BZFo] + CJYFo (15)

[DYD +CZY( +[DEB + CZYA|ZFy.

Hence,as Fg is one-to-onebecausehe realizationof T is observable,
utfT=o0 - DD +CyYC=0 and DgB+CjYA=0. (16)

Thus, equationg(d)—(e) are satisfied. EvaluatingTy = VT in termsof statespacequantitiesyields,
muchasin equation(15),

To = [CYYC+D{D] + [CYYA+ DyB]ZFq

A C

To =
0 CUYA+DUB CJYC+DUD

(17)

Hence,Br, and Dy, satisfyBr, = CjYA+D{B and Dy, = C{}YC+ D{D, which correspondso (f) and
(9). Becausely is outer, Dy, satisfies(h).

It remaingo provethatanysuchsolutionW leadsto aninnerouterfactorization. With the partitioning
of W asindicatedandW satisfyingequationga)—(h), it is directly verifiedthatAy andBy areoperators
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of maximalpossibledimensionsatisfyingequationgi)—(iv), sothatthecorrespondingnputstatespace
‘H(V) is the correctinput statespaceof the inner factor.

Fromconditions(d) and(e) andequation(16), it follows thatthe operatotJ specifiedoy therealization
{Ay, By, Cy, Dy} satisfiesUT = 0. Moreover U is the operatorof maximal possibledimensions
satisfyingtheseconditions sincethe zeroentriesat theright-handsideof (14) are of maximalpossible
dimensionsandhence£,ZU" = ker( (T . ;4).

BecauseW is a unitary realization, the correspondingoperatorW = [U V] is inner, and V has
realizationV. It follows from equation(12) that V satisfies(,Z 1V = £,Z1T", sothatV is indeed
the inner factor of the innerouterfactorizationof T. With this realizationof the inner factor and B,
and D, satisfying(f)—(h), To is a realizationfor the outerfactor To. O

The abovetheoremcan be usedto actuallycomputethe innerouterfactorization. Indeed,upontaking
the k-th entry along eachdiagonalof equation(14), we obtainthe recursion: given Yy, computeW
suchthat

ker( D¥i+1) =0

o9 ker( (D)) = 0.

o Jlas
(Bro)k+1  (D1o)ket

Yk+1 0
Bk Dk ] -
Wy can be obtainedby a simple QR-factorization. The resultingalgorithmis familiar from (non-
stationary)Kalmanfiltering, whereit is known asthe square-rootlgorithm.

Oneissuethat remainsto be discussedtoncernsthe initialization of Y. If the input spaceM for T
(andhenceV) hasemptydimensiondeforetime instantl, or the statedimensionof T is zeroat time
instant1, thenan initial pointis Y1 = [ [J, so thata minimal realizationfor V startswith zero states
at time instantl. For the more generalclassof systemswhich are time-invariantbefore,say point 1
in time, an initial valuefor Y is determinedn the following way. Y; now hasto satisfyan equation
ratherthana recursion:Y; = Yo = AjoYoAo + B{)yBo, Where,asbefore,

(
0.

AJoAvo + ByoBvo

We will showthat the solutionof theseequationss the sameas the classicalsolutionof the inner

outer factorization,and is determinedby the transmissioreerosof the time-invariantpart of T that
are locatedin the unit disc. For convenienceof notation,definey = Yy, a = Ag, b = By, ¢ = Cp,

d = Do, a = Ayo, 8= Byo. We will alsoassumehatd (andhenceT) is invertible, andthatits zeros
aredistinct. Then

y = aya+pgb gl = -dycd?
0 = d%c+pd - y = ay(a-cdlb) (18)
| = d% + (B | = ao"% + gB.

Bring in eigenvaluedecompositionsf a and(a—cd™1b): a=rg™1; a-cdlb = sys?. Then

(ry9 = ¢(rygy.

Becauseboth ¢ and ¢ are diagonal matrices, the above expressionshowsthat (rHys) must be a
rectanguladiagonalmatrix (or a permutationthereof),and hencethe diagonalentriesof ¢ are equal
to a subsetof the diagonalentriesof ¢ =. In view of the requirementaa = | — f58, ¢ can contain
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only the entriesof " that are smallerthan 1. BecauseV mustbe of the highestpossiblesystem
order while y must have full row rank, ¢ is precisely equalto thoseentries. It remainsto note
that the entriesof 1 = eig(a - cdlb)™! are equalto the transmissiorzerosof T. This is because
T =dt+dbz[l - (a-cdb)Z ! cd! haspolesequalto eig(a—cd™b)~L. With the polesof theinner
systemthus determined,it is a straightforwardmatter (involving a Lyapunovequation)to compute
a, B, andy from (18).

8. Closed-form expression for the outer factor realization

In the time-invariantsetting, it is well known that the outer factor Ty of T can be written in closed
form in termsof the original statematrices{A,B,C,D} of T and only one unknownintermediate
quantity which is the solutionof a Riccati equationwith {A,B,C,D} asparametersWe will showin
this sectionhow a Riccatirecursiveequationcanbe derivedfrom the square-rooglgorithmin theorem
8. Denoteby (D' the pseudo-inversef an operator

Theorem 9. Let T O bea locally finite transferoperator let T = {A,B,C,D} be an observable
realization of T, and assumé/p < 1.

There existboundedsolutionsM = 0 of
MY = ASMA + BB - [A"MC +B™D] (D'D + CtMC)t [D"B + C"MA| (19)

and there is a unigue boundedsolution of maximalrank. Let M be this solution,and let R be a
minimal full range factor (ker([R") = 0) of

RR’ = (D'D +C*MO)t. (20)

A realization of the outer factor To of T sothat To = VT is thengivenby

| A C
= . 21
To [ RD] [CDMA+ D'B C™MC+D™D (@)

Proof We will provethe equivalenceof equationg19), (20) and(21) with (14).
Taking the squareof equation(14) andusingthe fact that W is unitary leadsto the setof equations
AMA+BB = M+ B By,

CMC+DD = D{Dr,,  kefDr,)=0 (22)
C’MA+DB = DB,

wherewe haveput M := Y&Y. Becausetheseequationsare equivalentto (14), thereis a solution
M = 0 of maximalrank, correspondindo Y of maximaldimensionswith ker( YY) = 0. This solution
M is unique,asY is uniqueup to a left diagonalunitary factor (proposition7).

Let M be this solution. OperatorsDy, and By, that, with M, satisfy (22) are obtainedas follows.
The secondequationgives Dy, = ®(D™D + C'MC)V2, for someisometry® suchthatker( [Dr,) = 0.
LetR = D% denotethe generalizednverseof Dr,. It satisfiesequation(20), andalsoDy, = Rf =
RYRR)t = R{D™D +C™MC), but R neednot be a boundedoperatorunlessthe rangeof D, is closed.
However we know at this point thatthereis a boundedsolutionB, suchthatDY. By, = (C"MA+D"B),
and,accordingo a theoremof Douglas[5], we cantakeBr, = (Df,)!(C"MA+D"B) = R{C"MA+D"B),
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which is well definedand bounded. Substitutian of this solutionin the first equationshowsthat M
satisfiesthe Riccati equation(19).

ConverselyanysolutionM = 0 satisfieswith D, = ®(D"D+C"MC)Y2 andBr, = (D ){(C"MA+D"B),
eguationg22), sothata solutionof maximalrankof the Riccatiequationis alsoa solutionof maximal
rank of (22). Hence,the Riccati equationhasa uniquesolutionM of maximalrank, andthis solution
leadsto a realizationof an outerfactor Ty via (20) and (21). O

The Riccati equationhasmore solutionsM. For example,if D™D is invertible, thenM = 0 is always
a solution,andyields To = T. If therankof M is not maximal,then Ty will not be outer

Initial conditionsfor M canbe obtainedas My, = [ [ whenT startswith zero statesat somepoint ko
in time, or from a solutionof the Riccati equationif T is time-invariantbeforeky. Again, the solution
requireseigenvaluedecompositios, and mustsatisfythe side conditionsthat M = 0 and hasmaximal
rank. Initial conditionsfor the related spectralfactorizationproblem are investigatedin [12]. For
the Riccati equationoccurringin the spectralfactorizationproblem,it hasbeenproventhat thereis
a uniquesolutionM = 0, andthat an approximatenitial point I\A/Ik0 = 0 of therecursionwill strongly
convegeto the correctsolutionM = 0. Thisresultdoesnot applyto the presentcontext:it is possible
thatM = 0 is a solutionwhich doesnot correspondo a factor which is outer

9. Inner-outer factorization examples

We finish this paperwith someexampleresultsof the innerouterfactorizationalgorithm. In example
2-4,we considerfinite (4 x 4) matrices,as a specialcaseof time varying systemswhich haveinput
and output spaceghat are zero exceptfor a finite time-interval. In this case,interestingthings can
occuronly whenT is singularor whenthe dimensionsof T are not uniform.

1. Considerthe time-invariantsystem

_z-d9 _1-az_z-d"
1-8z 1-pBz 1-az’

(la], 18] <1). A state-spaceealizationof T is

rolac]_ B 1
b d 1-a8 -a” |~

Its zerosare (a—cdlb)™ = (8- a1 - a"B)™! = a”. Hencea is indeeda solutionof equation
(18). Substitutionleadsto 8= (1 - a“a)¥2 andy = g~

2. The algorithm,appliedto

0146
0025

T=] 7
0003
0000

(the underlinedentriesform the 0-th diagonal)yields an almosttrivial isometricfactor V or
inner factor W (the dots correspondo columnsor rows with vanishingdimensionsand #M
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denoteghe sequencef dimensionof the spaceM):

0100 01000

vo| 0010 we |00 100 HMw = [1111]
00 0 1 00 010 #\w = [0 11 2]
00 0 0 00 00 1

It is seenthatV is not inner, becauseT is singular W is the inner extensionof V. The only
effect of W is a redefinitionof time intervals: W actsasa shift operator To = WIT is

0000
0146 _
wiel00z 5| s
000 3 o 7

0000

The multiplication by W™ hasshiftedthe rows of T downwards.This is possible:the resultTg
is still upper VIT is equalto WHT with its last row removed.

3. Take
81;: #M = [1111]
Tlooas) Ll i)
0001
B is the statesequencespaceof T. T is againsingular but now a simple shift will not suffice.

The algorithmcomputesV as

g -0.707 0577 0367 0.180

0 -0.707 -0577 -0.367 -0.180 #Mw = [1111]

Y7l o 0 0577 -0.733 -0.359 zgfw - {8 i i ﬂ
U 0 0 -0.440 0.898 wo=
O O O N
0 -1414 -4243 -7.778 )
To=WT=1|0 0 1732 2309 z//\\[/ﬁo - Eiiﬂ
0 0 0 -2273 To

V is equalto W with its last columnremoved,so that To = VT is equalto the aboveTq with
its lastrow removed.lIt is seenthatthe statedimensionof W andV is smallerthanthatof T.

4. In the previousexampleswe consideredgystemsl with a constanhumberof inputsandoutputs
(equalto 1), for which V#1 only if T is singular However a non-identicalV canalsooccur if
the numberof inputsand outputsof T arevaryingin time. Thusconsider

1.000 0.500 0.250 0.125

1.000 0.300 0.100 0.027 #M = [2110]
T= 0 1.000 0500 0.250 #V o= 1111
0 0 1.000 0.300 #3 = [0121]

4 4 4 0
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-0.707 0.099 0.025 -0.699

~0.707 -0.099 -0.025 0.699 #My = [2 110
V= 0 00990 -0.005 0.139 #\y = 1111
0 0 0999 0035 #y = [0111]

0 0 0 0

In this case,V is itself inner. The outerfactor Ty follows as

-1414 -0.565 -0.247 -0.107

. 0 1010 0509 0.257 My, = [1 11 1]
0 0 0 1.001 0.301 VT, = [1111]
0 0 0 -0.023

An interestingobservatiorfrom theseexampless that the innerouterfactorizationof finite matrices
T is equalto the QR-factorizationof T whenit is consideredas an ordinary matrix without block
entries.

10. Concluding remarks

We havederiveda simplealgorithmto computerealizationsof the (left) inner and outerfactorsof a

realizationof a given systemT. The computationsare unidirectional: startingfrom an initial value

of a quantity Yy, statematricesare computedrecursivelyfrom that point on. The initial value can
be obtainedstraightforwardlyin casesvherethe statedimensionof T vanishesheforesomepointin

time, or where T is time-invariantbefore a point in time. From the algorithm, it can be observed
that the numberof statesin the inner factor (the numberof ‘zeros inside the unit disc’) is at each
point k alwayslessthanthe numberof statesof T, and cannotchangeat pointk if Dy is squareand
invertible at that point, unlessthe numberof statesof T decreaseat thatpoint. It canincreaseif Dy

is singular or if the numberof inputsincreasest that point, and candecreaséf the statedimension
of T decreasesyr if the numberof inputsdecreaseskor finite matrices the innerouterfactorization
reduceso a QR-factorization.

The outer factor can be computedas a by-productof the samealgorithm, or alternativelyvia a
Riccati-typerecursiveequation.

Additional researcthis requiredto answerthe following questions:(1) doesthereexistan approximate
initial point to startthe Riccatirecursion,suchthatit will convege to the exactsolutionfor large k,
and (2) canthe observabilityconditionbe lifted. For the relatedRiccati recursionthat occursin the
spectralfactorizationproblem,the answergo both questionsare affirmative [12].
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