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ABSTRACT

In
�

this paperwe considerthe blind identifiability of mul-
tichannel
�

systemswhenwe know a-priori a boundon the
numberof non-zerocoefficients in eachchannel. This is
interesting
�

for specularmulti-pathchannels.We show that
in thiscase,previouslyderived identifiability conditionsare
too
�

strong.We demonstratehow to usethea-priori knowl-
edge� to weakentheseconditions.Wealsoproposeamethod
to
�

estimatethechannelresponsesaswell asthesignals.Our
method� is basedonafrequency domainLS estimationof the
channel� parameterscombinedwith conditionalMLE for the
signals.�
k
�

eywords: Blind
	

channelidentification,diversitycombin-
ing, equalization.
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INTRODUCTION

In
�

many currentwirelesscommunicationsystems,multiple
antennas� areusedto obtainspatialdiversity combiningof
the
�

signals.Thecombinedsignalis furtherprocessed.The
question� of equalizationof multi-pathchannelshasreceived
considerable� interest.Recentlymany blind methodswhich
do



not exploit trainingdatahave beendeveloped.Someof
these
�

methodsexploit highorderstatisticalinformation[1],
while� othersexploit multichannelstructureinducedeither
by
�

multiple antennasor oversampling. Among thesewe
can� find [2], [3] and [4]. Thesemethodsrely on a linear
parameterization� of thechannelasanFIR filter. Othermul-
tichannel
�

methodsexploit trainingdatato obtainparametric
channel� estimatese.g.,[5], and[6], in orderto constructa
rak� e receiver. Under the narrow-bandassumption,propa-
gation� delaysacrossthe arraycanbe representedasphase
shifts.� The training is not needed,and the methodof [6]
can� be usedto achieve blind equalization[7]. Thesewill
not work for widebandsignalsasis thecasewith acoustic
channels� orwhentheseparationbetweenthesensorsis large
(as
�

in diversityapplication),andhencethepropagationtime
across� thearrayis largecomparedto thebandwidth.For a
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good� overview of the extensive literatureon multichannel
equalization� we referthereaderto [8] and[9].

In this paperwe considertheblind identifiability of sin-
gle� input multichannelsystems,whenwe know a-priori a
bound
�

onthenumberof non-zerocoefficientsin eachchan-
nel. This is interestingfor specularmulti-pathchannelsin
which� we canobtaina-priori upperboundson thenumber
of� propagationpaths.Weshow thatin thiscasetheidentifia-
bility
�

conditionsof [3] aretoostrong,andprovethata-priori
kno
�

wledgeon thenumberof propagationpathscanbeused
to
�

weakentheseconditions.In ourderivationwe donot as-
sume� narrow-bandsignalmodel,andthuswe canequalize
channels� with longdelaysandwidebandinputsignals.This
can� be importantfor underwateracousticchannels[10], as
well� asdiversity receptionin widebandcellular communi-
cation.�

W
�

e alsoproposea methodto estimatethe channelre-
sponses� as well as the signals. Our methodis basedon
a� LS estimationof the channelparameterscombinedwith
conditional� MLE for the signals,it canbe consideredasa
frequency domainparametricversionof theTS-ML method
[8]. This leadsto improved diversitycombining,which is
relevant e.g., to multi-carriersystems.An interestingfea-
ture
�

of thesolutionis thefactthat themaximumlikelihood
signal� estimateis achieved by performingmaximumratio
combining� of eachof thefrequency channelsseparately, us-
ing
�

the estimatedchannelresponse.This naturalinterpre-
tation
�

alsodemonstratesthe advantageof themethodover
simple� diversity methods,which do not useequalization.
The
�

approachpresentedherehasbeeninspiredby previous
w� ork [11] on arraycalibration,and the striking similarity
between
�

arraycalibrationandblind channelidentification
problems.�

2.
�

PROBLEM FORMULATION

In thissectionweformulatetheproblemof blind identifica-
tion
�

of multi-pathchannels,usingmultichannelsystem.
Assumethatwe have two channelsandlet ����� �"! be

�
the

noisefree outputof the # ’ th channel. It canbe described



mathematicallyas

$&%"' (")+*-,/.0 1 2436587:9<;8=?>4@BADC:EGFIHKJMLON&PRQ (1)
�

i.e.,
�

eachsampleis a linear combinationof scaledandde-
layedversionsof the input signal. The received signal is
furthercontaminatedby noisewhich we will assumeto be
white� andGaussianSUT�V?W"XZY\[&]"^ _"`4acbed�f g"h ikjmlon&pRq (2)

�
where� r6s�t?u"v is white Gaussiannoise. We assumethat the
numberw of pathsin the x ’ thchannelresponseisupperbounded
by
� y{z

. Note thatwe allow overestimationof thenumberof
paths.�

The
�

blind identificationproblemis thefollowing: Given|
observ� ationsof thechannelsoutput}�~U�R���������M�O�&�������D�?���M���O�&�������D�R���

determine



thechannelparameters�����8 :¡�¢"£D¤¦¥/§{¨/©ª¦«4¬®­�¯m°²±&³�´�´�´�³?µ·¶m¸
and� reconstructthe input signal ¹8º?»"¼ . Our analysisholds
for arbitrarychannelsbut isveryappealingcomputationally
when� the channelsaresparse,i.e., the numberof path’s is
small� while thepropagationdelayscanbelarge.In thatcase
if wetry to modelthechannelasanFIR of length ½ we� will
obtain� thatmostcoefficient will bezero,i.e. ¾À¿ÂÁÄÃ . The
output� canbedescribedasa convolutionof theinputsignal
with� thechannelimpulseresponseÅ6ÆRÇ È"ÉÊUËRÌ Í"Î+ÏÑÐ�Ò�Ó Ô"Õ4Ö+×8Ø Ù"Ú4ÛcÜeÝRÞ ß"à (3)

�
where� áUâRã ä"åçæéèëê/ìí:îMï�ðòñ:óõôÀö?÷+øúùDû¦üõý and� þ denotes



convolu-

tion.
�

By stackingthechannelsinto a vectorwe obtainthat
the
�

measurementsaregiven byÿ��������	��
���
��������������
Moving to thefrequency domainandusingtheconvolution
theorem
�

weobtainthat���������! �"�#�$�%�&�'�(*)�+�,�-�. (4)
�

where� /10�2�3�4�57698: ; <>=@?�ACBED�F G�HJI�K L (5)
�

is
�

theresponseof the M ’ th channelat frequency N and�O�P�Q�R�SUTWVYX[Z�\�]^1_a`�b�cedgf (6)
�

Therearetwo indeterminaciesin theabovemodel.First we
can� exchangea constantbetweenthechannelresponseand

the
�

signal, and second,any delayedversionof the signal
will� beconsistentwith theappropriatedelayof thechannel
response.To overcomethese,wechooseh�ijilknm and� oqprplst
,u i.e., we fix theshortestpathof thefirst channelto a unit

response� with nodelay, anddemandthatall otherdelaysfor
that
�

channelarepositive.

3.
v

MAXIMUM LIKELIHOOD EQUALIZATION

In
�

this sectionwe derivethemaximumlikelihoodestimates
for theinputsignalandchannelresponse.To simplify nota-
tion
�

let w�xzy|{ }[~9�r������������������� and� �@����� �������������������9����� . Also
let
� � �¢¡ £�¤¦¥�§©¨�ª

and� «­¬¯® °�±³²r´Yµ�¶ .
After somestandardalgebraicmanipulationswhich in-

cludes� anestimationof thenoisevariance·�¸ we� obtainthat
the
�

maximumlikelihoodestimatorof the channelparame-
ters
�

andthesignalsis given by¹»º¼�½¦¾�¿À©Á�Â�ÃÄ*Å³Æ�ÇÈYÉaÊjËÌÎÍYÏ	ÐqÑjÒ­ÓÕÔ×ÖØÚÙ Û>Ü Ý*Þzß@àáâÎãåäçæÎè�é�ê©ëqìÎí�î�ï�ð©ñqò�ó�ô�õ>öq÷�øúùqû
(7)
�

where� ü is definedin (6). Solvingfor ý we� obtainaftersome
easy� manipulations:þÿ�������� �	 
���
������ ����� �����������  "!$#�%�&('�)+*+,.-0/(1�24365�7�8(9�:<;+=?>�@�A�BCB

(8)
�

This
�

expressionis very pleasingas it shows that the ML
signal� estimatorconsistsof averagingeachfrequency with
the
�

relativepowerin thetwo channelsasis thecasein maxi-
mumratiocombining.Weimmediatelyseethatin orderthat
the
�

multichannelbe effective it is necessarythat the chan-
nelsw wouldnothavecommonzerosontheunit circle,i.e. no
frequency is simultaneouslynulledat bothchannels.

Substituting
D

backinto (7)weobtainthattheML channel
estimates� aregiven by:

EGFH�IKJMLNPO�QSRT4U�V�WX�Y[Z.\^]`_<aPbdcfegih j
kmlonp
qsr�tvu`w I x P y�z|{M}s~��G���(���`���[�`�

(9)
�

Using
�

Parseval identityit followsthatthisexpressionisequiv-
alent� to the first stepof the two stepML approachof [8],
ho
�

wever the frequency domainapproachleadsto the intu-
itive interprationof thesignalestimate(8).

4.
�

A SIMPLIFIED LS APPROACH

The
�

ML channelestimate(9) is a multidimensionalopti-
mization� problemwhich involvesboth the delaysand the
po� wersin a highly-non-linearmanner. To reducethecom-
putational� complexity we proposeto replacetheML chan-
nel estimatesby a simplified LS estimator, which resem-
bles
�

that of [3]. The two main differencesare the useof



frequency domaindataandtheparametricmodelingof the
channel.� Thiswill enableusto reducetheproblemto thatof
delay



estimation,andestimatethepowersin a closedform
solution� usinglinearleastsquaressolution.To thatendnote
that
�

in thenoiselesscasefor eachfrequency �
���������G�.�0�������������(�����?�� (¡�¢[£

(10)
�

Thuswe will replace(9) with the simplified setof LS
equations�

¤¦¥§�¨�©«ª¬�­`®?¯°²±�³�´µ.¶s·.¸º¹`»½¼�¾d¿fÀÁÃÂ Ä
ÅÇÆ.ÈÉ
ÊsË�ÌvÍ ÎÐÏ�Ñ�ÒÔÓiÕ½ÖØ×�Ù�Ú`Û�Ü Ý (11)

�
where� Þàß�á�â�ãiä½å�æ�ç�è0éàêìë.í0î�ïØð`ñCò�ó�ô(õ�ö0÷ùø^ú?û�ü(ý�þ`ÿ��������	��
�� ,u
and� 
�������� are� relatedto ��� by

�
(5). Reformulatingtheprob-

lem
�

andusingour choicethat ��������� ��! "#"%$'& we� obtain
that
�

(11)canberewritten in matrix form as(*)+-,/.1024365879�:�;=<6>�?A@�BDCEGF HJI BK L�MAN�OQPSRUT�VXWZY
(12)
�

where� [�\^]`_ acbXd�e�fhgZi�j�j�j�i�k8lXmon	prqtsvuxw�y ,u
B
K z`{

B
K |h}

B
K ~v�

B
K ��� ��� �A� ���D�Q�v���h� ���/������� ����� �A� ���D�Q�v�� h¡£¢�¤/¥#¦*§�¨�©

...
...ªA«�¬®­D¯t°�±�²�³�´hµ£¶x·6¸t¹�º*»�¼x½¿¾�¾�¾ÁÀAÂ�Ã�ÄDÅtÆ�Ç�È�É�ÊhË£ÌxÍ�Î�Ï�Ð�Ñ�Ò

ÓÕÔÖ
B ×ÙØ ÚÛÜ Ý�Þ�ßDàQávâ�ãhä å�æ/ç#è�é�ê ë�ë�ë ì�í�îDïQðvñ�òhó£ô�õ/ö�÷*ø*ù�ú

...
...ûcüvýDþtÿ�� �������
	���
��������������������! #"�$�%'&�(�)�*
+�,�-�.�/�0�132�4

576
8

and9 :<;>=@? ACB!D�EGFHFHFHE�ICJ�K�L�M�NPORQ�SHTHTGTHS�UCVRW�X!Y . Now the problem
becomes
Z

linear in the amplitudesof eachpath,so we can
minimize[ with respectto \ holding

] ^`_ba�c�d
fix
e

edandobtain

fhgji B kmlon�p�q�r�s�t B umvow�x�y{zG|�}b~�� B �m�o�����{���R���<��� (13)
�

Substituting
�

into (12)we obtain����o���C����!�������������# ¡£¢�¤ ¥�¦<§ PB̈ ©7ª£«�¬ ­�®�¯�°²±´³¶µ (14)
�

where· PB̧
¹ º7»£¼�½ ¾�¿ÁÀ is theprojectionontotheorthogonalcom-

plementÂ of thecolumnspanof B
¹ ÃmÄÆÅ�Ç�È�É�Ê

. Althoughtheop-
timization
Ë

of thedelaysis multidimensional,it hasthesame
functional form as the deterministicmaximumlikelihood
estimateÌ for directionsof arrival of multiplewaveform.One
canÍ useoneof themany methodsdevelopedfor thatprob-
lemsuchas[12] to solve(14).

5.
Î

IDENTIFIABILITY CONDITIONS

In thissectionweanalyzeoursolutionandderivesufficient
conditionsÍ for identifiability. We will discussthefeasibility
ofÏ theassumptionsandshow thatin commonspacediversity
systemsÐ ourassumptionshold.

Our
Ñ

basicassumptionwasthatweknow an upperbound
onÏ the numberof path’s ÒPÓÕÔ�ÖG× . Thus in order to have a
uniqueØ solutionfor the problemwe needthat for any two
vÙ ectors ÚÜÛ Ý�Þ�ß�àá ,â where ã£ä å has

æ
positive entriesthe system

(12)
ç

hasa solutioniff èoé ê�ëíì£î andï ð{ñò`ó�ô{õ . Moreover we
wö ouldlikethatwhenasolutionexistsit will beunique.This
conditionÍ will be satisfiediff for every ÷ùø ú�û�ü{ýþ the

Ë
matrixÿ

B ���������
	���
B ���
� �����
������ willö have full columnrank. Rear-
ranging� thecolumnsandexploiting ournotationit is equiv-
alentï to demandingthat B

� ��� ��!�"
#�$
is
%

full columnrank for
anï y substitutionof &('*),+(-/.�02143�57698;:=< .

To obtainlessabstractconditionslet

>@?BA CDEGFIH J�KBL4M . . . NPO�QSR7T UWVYX Z\[] (15)
ç

C
^ _�`�a�b�c
d�e�fhg C

^ i jk
C
^ lnm (16)

ç
andï

C
^ oqpsrtuwv;xPy�z|{=}2~�� ����� �;�P���|�=�2���2��� �...

...�|�������B�����������������| �¡�¢�£B¤�¥�¦�§�¨2©�ª «
¬\­®

C
^ ¯ °²±³´wµ;¶P·�¸|¹=º=»S¼ ½�½�½ ¾;¿PÀ�Á|Â=Ã2Ä�ÅÇÆYÈ É...

...Ê|Ë�Ì�Í�ÎBÏ�Ð�ÑÓÒSÔÖÕ�Õ�Õh×|Ø�Ù�Ú�ÛBÜ�Ý�Þ�ß�àÇáYâ ã
ä\åæèç

Note
é

thatwecanfactorB
�

asê
B
� ë�ì(í�î�ï*ð�ñóòõô÷öùø@ú�û üþý=ÿ

C
^ ���������
	��

(17)
ç

The secondmatrix is always full columnrank due to the
V



andermondestructureof eachblock. Thustheidentifiabil-
ity
�

conditionboils down to having thefirst matrix preserve
the
�

columnrank. Similarly to the conditionin [3] we can
no� w split this conditioninto two conditions. The first de-
manding� informative signals,andthesecondis a condition
on� identifiablechannels.Factoring ��� using� the frequency
domain
�

relation(4) we obtain

����� ��
�
 "!�#�$�%'&

. . . (")+*-,/.103254
687
9
:;
<>=

?-@BADC
. . . EGF-H/I1J3KML

N8O
P

Thusthefollowing immediatelyfollows:



Theorem 5.1 Let QSRUT"V�WYX[Z]\D^`_baDc .d Assume that for
ee very fhgjilknmjoqp[rts-u
vxwzy{b| ,} ~ ���'�-�����5�����������������B�
����� ,}� �B�Y�-�����5�������� �¡B¢t£�¤B¥
¦�§�¨

ar© e linearly independent and for eachª
ther« e are at least ¬�­ fr

®
equencies among ¯±°D²�³�³�³�´+µ/¶ at© which·�¸�¹-º¼»

is
½

not zero, then there is a unique solution to the prob-
lem
¾

(12).

The
¿

proofis straightforwardfrom (17),notingthatthereare
tw
�

o waysto loserank. Eitheroneof thecolumnsbecomes
zeroÀ at many points(which meansthat onechannelis not
identifiabe),or thereare ÁÃÂÅÄ ÆÈÇUÉ�Ê�Ë Ì andê the channelre-
sponsesÐ arelinearlydependent(sothatthechannelsarenot
di
�

verseenough,e.g.,onechannelis adelayedversionof the
other� channel).By theVandermondestructureof C

^ Í�Î3Ï'Ð�Ñ�Ò�Ó
other� waysarenotpossible.Wehaverestrictedour-selvesto
anê initial segmentof thefrequency bandin orderto simplify
the
�

notation,andmorecanbeproved.
Note
é

thatourconditionsdependonthenumberof paths
ratherthanthechannelslength.Theconditionon theinfor-
mati� ve signalmeansthatwe needthatthesignalshouldfill
atê least Ô�Õ×ÖÅØÚÙÜÛ+Ý5ÞÜß�àá of� the total bandwidthto be equalized.
The
¿

otherconditionsdemandsinformativechannels,i.e.,the
channelsÍ aresufficiently diverseandeachof themcarries
enoughâ informationabouttheinputsignal.Thiswould typi-
callyÍ hold for diversitysincethemulti-pathresponseis as-
sumedÐ to beuncorrelatedbetweenthetwo branches.More-
o� ver commonnullsof thechannelsmeansthatcertainspec-
tral
�

bandis completelyfiltered out, which meansthat any
di
�

versity combiningof the channelswould fail, to recon-
structÐ thatpartof thespectrum.

6.
ã

SIMULATION RESULTS

T
¿
o demonstratethe methodwe have simulatedtwo multi-

pathä channels.Wehavealignedthedirectpath’sof thechan-
nelsusinga crosscorrelation. The multipathdelayswere
chosenÍ as å andê æ�ç ,â so that èêéêënì í"î5ï�ð ,â ñ�ò1óõô ö"÷�ø�ù�ú ,â andthe
poä wer of thepathswas ûýüÿþ�������� ��	�
�� 
������ ,â ����������� ������ !#" .
W
$

e have used%�&(' data
�

samples,andthesignalto noisera-
tio
�

was )(*�+-, . Figure1 shows thevaluesof thenegativeof
the
�

cost function(14) asa functionof the delays. We can
clearlyÍ seethepeakwhich is locatedat thecorrectdelays.

7. CONCLUSIONS

W
$

ehaveshownthatusingparametricrepresentationof multi-
pathä channelscanleadto weaker identifiability conditions
for singleinput multiple outputsystems.We have alsode-
ri� ved a frequency domainparametricidentificationmethod.
Using
.

a simplifiedLS approachwe have reducedthecom-
pleä xity of theestimation.Sincethecomplexity involvedis
stillÐ largethisapproachcanbeusedfor trackingchannelpa-
rametersoncewe have acquireda goodinitialization using
other� methods.
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Figure 1: Cost function vs. delaysof the multipath’s in
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